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ABsTRACT: In this paper,our idea from graphical theory,the authors have proposed the
concept that is called as one associated number with N(K , k) (see [1]),denoted by ¢(1, k).
By means of combinatorial methods and mechanical proof of computer, we present the
generating function of ¢(n, k), give the recurrence relation of C (n), derive series of
combinatorial formulas of ¢(n, k) and series of combinatorial formulas of C,(n), finally,
solve the representing formula of ¢(n).
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1. INTRODUCTION

In order to the number N(K , k) (the number of S*-factors with exactly k components
in K , see [1]), the authors give the definition that is called as one associated number
is as follows

Definition 1: For any k, n € N,

dn k)= Y H

i ib;=n 1 i22 b '(l‘)
Do b=k

where k is the number of components of S"-factors with exactly kK components in
the complete graph K , then ¢(n, k) is called as one associated number with N(K , k).
(Also see LiMin Yang [1] and [2]).

Let ¢(n) be the number of all associated numbers, namely, ¢(n) = ZZ=1 o(n, k).

In [1], we gave the recurrence relation of ¢(n, k) and some combinatorial formulas.
In [2], LiMin Yang discussed the number of Fubini formulas by means of ¢(n, k). In
this paper, the authors will continue to research other new problems. We will present
main results as follows:

y+1 o
(1) generating function of ¢(n, k) is 2y e’ ;
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(2) the recurrence relation of C,(n);

(3) series of combinatorial identities of ¢(n, k);
(4) series of combinatorial identities of C (n);
(5) the representing formula of ¢(n).

Here combinatorial identities are referring to all kinds of numbers, for examples,
involving Lucas number, Pell number, Fibonacci number and Chebishev numbers
(or Chebishev polynomials).

2. LEMMAS

For any k, n € N, when k > n, ¢(n, k) =0, whenn > 1, ¢(n, 0) =0, when k> 1, $(0, k)
=0, and ¢(0,0)=1.

Lemma 1 [1]: For any k, n € N, there exists the recurrence equality

o(n, k) :%[q)(n—l, k=1)+d¢(n—1,k)].

Some special values of ¢(n, k) are given as follows:

1 n—1 _
00w =1, 901, D=~ 01,2 = 52" =D, gn,n - 1= 5L o, 3)= %

n

]

Lemma 2 [1]: For any associated number ¢(n, k), k, n € N, if G(t) =

@ 1)+ 234302 2 2 8- 1) +
n.

Zlio g(k)t k , g(k) is one complex coefficient, k > 1, then we have the combinatorial

formula

o 1 (k) k — 8(k) &
Zkzod)(n,k)aG =3 Sk

k=0 T
where G¥(¢) is differential of G(r) of order k.

Lemma 3: There exists the combinatorial formula n!¢(n, k) = k!S(n, k), where
S(n, k) is the Stirling number of the second kind.

Proof: Omitted. (see[2])
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3. THE GENERATING FUNCTION OF ¢ (n, k)

Theorem 1: If Z=o(x, y) = Z (n,k)x"y*, and ¢(n, k) is any associated number,

n,k>0 (I)
then there exists the generating function as follows

+1
Z y e—2x

2y
Proof:
Leto (ny)= D 00 kxyt, BB =% nb(nk)xy+ D nh(n,

0) xn!, and by Lemma 1 ¢(n, k) = f[d)(n -Lk-1)+d(n—1,k)], whenn > 1, ¢ (n, 0)
=0, and ¢ (0, 0) = 1, then

0%y _ > koG -1k =D+ d(n—1L K"y +0

Ox n>Lk>1

= kp(n—1Lk=Dx""y* + > kd(n—1k)x""y*

n=1,k>1 n=1,k>1

= y2 > d(n-Lk-Dx" 1y’<+y5 > dn-Lix"yk

Oy nz1k>1 nz1k>1

-2y > dn—Lk—-Dx"y" 1+y% D> d(p.k)x"y

Oy n>1k>1 p=0,k21

= y%ycp(x,y)wi[ D k)" y = d(p,0)x" ]

9 p=0,k=>0 p=0

0 0
= yo(x,y)+y> —0(x,y) +y—[o(x,y)—1]
Oy Oy

2 a(P(X, )’) + y 6(P(X, }’)
oy

yo(x,y)+y

So that we derive the equation

8@()67)]) _(y2 +y) a(P(Xa)’)

. o = yo(x,y).
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Because of Z = ¢(x, y), then the equation is as follows

oz 2 oz
= +y)==vyZ.
ax " +y) o Y

The solution of the equation is proved by mechanical proof of computer as the
following

Fi [(y+l)exj|e—x
+1 _
y y

Z=0(x,y)= Z o(n, k)x"y*

n>0,k>0

=14+ 00,6y + Y o x"y =1+ Y d(nk)x"y*

k>1 n>1,k>0 n>1,k>0
Z0,1)=1+ znzl,kzo d(n, k)0"1*= 1, by the equating (), 1 =F, 1;'—216_2*0,Fi =1
So that we gain the main result

lLy+1 1 _

Z:_y'; 672x:y+2€2x.
2y 2y

The proof is completed.

Definition 2: C (n) is the number of chains ¢ =S S =S, < ---=§, =[n], or
alternatively the number of ordered partitions (S, S, - S, S,-S,, -, [n] =S, ) of
[7] into k(non-empty) blocks. (see[6]).

Let C(n) denote the total number of ordered partitions of set [n], namely, C(n) =

ZL Ci(n).

Theorem 2: If C,(n) is the number of chains b= S,c8,c§,c--c§ =[n],
then there exists the recurrence relation

C(m)=kC_(n-1)+kC(n-1),kneN.
Proof: Because C (n) is the number of chains, then C (n) = k!S(n, k) (see[6]).
For S(n.k) =2.¢ (n, k), then C (n) =n!¢ (n, k). By Lemma 1, ¢(n, k) =% [¢(n-1, k-1)
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+ ¢(n-1, k)], then C (n) = n! f[d)(n—l, k-1) + ¢(n—1, k)] = k[(n-1)!d(n-1, k—1)] +
k[(n=D)! ¢(n—1, k)], and C_,(n-1) = (n-1)!¢(n-1, k-1), C,(n-1) = (n-1)!¢(n-1, k).
Finally, we prove the recurrence relation

C(m)=kC_(n-1)+kC(n-1),kneN.
Theorem 3: Suppose C(n) is the total number of ordered partitions of set [n],

then ¢(n) = %C(n).

n
k=1 n!

Proof: By Lemma 3, then ¢(n) = ZZ:I d(n, k) = Z LS k)— - ::1 k'S(n,
k) :# C(n).

The proof is completed.

4. SERIES OF COMBINATORIAL IDENTITIES ON ¢(n, k)

A Pell number P is satisfied as follows generating function

Y B =

st 1-2x—x
P _may be interpreted combinatorially as the number of tilings of a 1x (n — 1) rectangle
with tiles of size 1 x 1 and 1 x 2, where each 1 x 1 tile can be red or blue.

Theorem 4: Suppose ¢(n, k)(n, k € N) are associated numbers, and P (n > 1) are
Pell numbers, then

1 — B 1 k_l < n k
Zd)( —B (o —1)""! oc—B(B—t)"“} _n!;P"k "
where a:—1+\/§,[3:—1_\/§

Proof: When 1 —2¢—£2=0,£+2t—1=0,leta=-1++2,B=-1-+/2,and
£ +2t—1=(t—a)t—p), then

t B —t _ t-a)+o 1 N a 1 B 1
1-2t-> (t-a)t—P) (t-a)t-P) PB-t o—-PB|la-t P—t]
— (k) _ ! k! k!
G(t)= ﬁ, (1) = o )"“+aL—B[(a_;)k“_(;3_z)"“} on the other hand,
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Z::o Pktk = 1-22-:2 , P (k > 1) are Pell numbers, P, = 1, g(k) = P, for k > 1. By

Lemma 2, then we derive the relation between associated numbers and Pell numbers
as follows

= 1 k! a k! k! - k"
— _ — P
,§)¢(n’k)k!|:(ﬁ—t)k+l+0L—B((0L—t)k” (B_t)kuIIt Z k t

[ee]

Z¢<n,k>{ o SR S— }k=lZPkk"tk,
o— o— .

= D a—p B-n*!

where o= —1++2,p=-1-2
Corollary 1: If P is any Pell number, then there exists the recurrence relation
! 1 1
> D(m+DP,,, = Z(n +1)P, + Z(3n +4) P,
2l+m=n

where n is non-negative integers.

Proof: Because of

1 1 ( X j’
(1-2x-x*)?  1+x*\1-2x—x?

1 o '
- P n
1—(—x2>(,§) " J

Z (_l)n x2n i nann—l
n=0 n=1

[ee]

=D (1" i (n+DHP,, x"
n=0 n=0

[ee]

= > D m+hP,, |1

k=0 | 2l+m=k
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=2 X D(m+DP,, |x",
n=0| 2l+m=n
and m = z::o% ((n+ )P _+3n+4)P +1) x"(see [5]), then there exists
the recurrence relation

> (D' (m+1)P,,, = i((n +DP, +(3n+4)P,,,) = i(n +DP, +i(3n +4)P,.,.

2l+m=n
The proof is completed.

Theorem 5: There exists the equality between Chebishev polynomial U (x) of
the second kind and associated numbers ¢(n, k) as follows

1

- 1 1 P 1 n ok
Z(b(n,k){ — } ==Y Up(x)k"t",
Y1 Y2 k=1 (v2 — 1) (v —1)*! nlio

where y, = x + Vx> 1,7, = x—vx* =1, x € (=00, 1) U (1, +0).

Proof: Suppose #* — 27+ 1 =0, theny, = x + \/x2—1, Y, =X — \/x2—1,x €
(=00, =) U (1, + o0),

1 1 1 1 1 1
;= = ——— |, GO=——,
1-2tx+1 E—=y)E=v,) Y=Y \Ya—t vy, -t 1-2tx+t¢

M () 1 k! k! K 1 1
()= _ PN PPN 25 Nk o k|
Yi—=Y2 | (Yy2—0) (y,—1) Yi=Y2 | (y2—0) (v, =1

On the other hand, G(¥) is the generating function of Chebishev polynomial
U (x) of the second kind,

1
GH=>U A 3], ky=U , k=1,
() Z(:) (1 =g (seel3D), (k) =Up ()

by Lemma 2, then we have the equality as the following
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< k! 1 =
b, k) - =" =2 U, (x)—t
kZ—; Kby =71, {(Yz —1)! (v, - k 1} ;

1 1 k 1 < n_k
k - =—> U k"t",
Zd)(” )L P } n!kz_; ()K"t

Y2 k=1

wherey, =x + sz—l,y —x-vx*—-1,xe (=00, =1) U (1, + 00).
1 2

k+1 k+1
Corollary 2: U (x) = u,where Y, =X+ Vxt -1, v, —x-Vx’-1,xe

2x?r -1

(—o, -1 U (1,4 ), ke N

Proof: The authors give a simple proof for Corollary 2. By the course of Theorem
5, and

v.Y, =1,

L1 1_1j_1£v1_vz]
1-2tx+2% yi—Y2\¥a—t vi—t) vi—1v, -y 1-yyt

1 o0 o0
= VIvat"—szv’z‘t"j
k=0 k=0

Y1— Y2

_ 1 i(y{m_ygﬂ) k

Y1 =72 k=0

k+1 k+1
= i i Vs
k=0 2vx* -1

N S
1—2tx+12

= Z Uk (x)tka
k=0

k+1 k+1
then we have the formula U, (x) = no—v , where y, = x + NEa y Y, =X —

2\/x—2—1
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Va* =1, x e (oo, -1) U (1, + ), k € N.
Corollary 3: There exists the identity

1S 8 k2 ][ K1 S k
w ok S [ T E S b [ e |

Proof:Letx:2,theny1:2+ \/5, y2:2—\/§.

(2+\/§)k+1_(2_\/§)k+1
243

1| & (k+1), e {k+1j |kl
— 2 B IS (@ 23
2 ﬁ{z[ | j BB e s

=0

U(2)=

k+1

Z[lJF( 1)k+21:|[k-l|-1j21\/§k+1—l.

By Theorem 7, we have the identity

© kit k+1 k11
2 n k2l l k _ 1 _ 1 k
Ly s [1+en ]( l sz =3 40| - |

Corollary 4: There exists the identity

| k- [ K1) 411 | 1 k
e L I N o e ertererew: [

Proof: Let x =3, theny =3 +2\/§,ylz3—2\/§.

(3+2\/5)k+1_(3_2\/§)k+1
a2

k+1
= L\/_|:z[k+lj3 (2\/—)k+ll Z( 1)k+1 l{ 1}31(2\/5)k+1—l:|

U@3)=

k+1
_ ﬁz[1+(_1)k+2_1][k+lJ3l(2\/_)k+l -1
1=0
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By Theorem 5, then we have the identity

o) k+1

13, 21 k+1) k1l k_ 5 | 3 | k
2 K" X [1+(-1) (z %(%E) t—éﬁ@k{a%ﬁﬂw }.

P (3+242-1)fH!

Theorem 6: There exists the equality

id)( 0 d+k-2 i d+k-2 £k ZD(k L (@)
n, E——— a

P k-1 ko)ja—n™

where (a) =(1, 1, --- , 1), the number of 1 in (a) is d.

. — t —_ 1 (k) _
Proof: Let G(¢) = e d € N, and G(1) = o z)‘l T GY() =
() (D

- ———2—, on the other hand ,
(l—t)l (l_t)t+

G()— [zgt J =t (Y, D
k=0 Xx+xo+-+x,=k
x;20
1<i<d

the equation a x + ax + -+ + ax, = n, the number of solutions of non-negative
integers is denoted by D(n; (a)), (@) = (a,, a,, -**, a,) (see Louis Comtet [3]), then

G(@) =t 2, D(k; (a))t*, where (a) =(1, 1, ---, 1), the number of 1 in (a) is d, G(¢) =
k=0

S D(k—1; (@), g®) = Dk — 1; (@), k= 1.
k=0

By Lemma 2, then we have the equality

i3 d d—-1
ZM,>HLK>%; <VLJI_ZD% um)

k=1 a

St Ll .

[d+k—2
k=1 A-)™ 1 (1-1)

k_ﬁO 1. _nk
L jz —Z;D@ 14@)mz,
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0 _ _ k
Z¢<n,k>{[dzk12]+r[d+k 2j}t— 2D @
k=1 - k

(1 t)d+k

The proof is completed.

Corollary 5[2]: If ¢(n) is the number of all associated numbers, then ¢(n) =
R kn
n! P 2k+1 :

Proof: Let d = 1, by Theorem 8, then we have the relation equality

e I

(1 t)1+k

where (a) = (1).
Because of (a) = (1), and D(k — 1; (a)) = 1, then we have the equality

n k
Zd)(n ) N :_Zk
and k > n, ¢(n, k) =0, let £ = £, so that we gain

¢<n>—2¢< J=1 22’;1

Corollary 6: If C(n) is the total number of chains, then C(n) = Z k

Proof: Because of C (n) = k!S(n, k),C(n) = 2k!S(n, k)= 2 nldp(n,k)=n! 2.
k=1 k=1 k=1
d(n, k), by Corollary 5, then

k" k"
C(n)= "'_,Z Sk Z; Sk

Corollary 7: There exists the combinatorial identity
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S ator=3 A
k=1 k=1 2 ’

Proof: Because of A*O" = k!S(n, k)(see[6]), then Y, AKO" = ¥ k!S(n, k).
k=1 k=1

By Corollary 6, X k!S(n,k) = 2. 2’,%, then there exists the combinatorial identity
k=1 k=1

5 Ao —Z -
k=1 12

Theorem 7: If ¢(n, k) is any associated number, F', is the k—th Fibonacci number,
k>1,n € N, then

1 }
(Yl . t)k+1 (YZ N t)k+1

> o(n, k){ Z F, —t
k=1 ke n!

where y, = 145 = 175
yl 7 ’YZ 7 .
1 1 1 1 —
Proof: Let G(r) = > = [ - j, and v, = 1+\/§’ v, =
I—t=t" vi=v2\v1—t Yt 2
11— ! !
1 \/E,G(k)(l): 1 { k! —_ k! kH},kZI.
2 Yi—=Y2 (v, —1) (Y2 —1)
When G(r) = " 1 = Z Fktk,F . 1s any k—th Fibonacci number, & > 1, then
—I=1" k=0

Bk+1 _ak+1 B 1_\/5 B 1+\/§
\/_ 7a‘_ ’B_ *
5 2 2

By Lemma 2, then we have the relation equality

gk)=F,k>1, F, =

o ! ! °° n
Zd)(”k)_ : ¢ el k'kl tk:ZFkk_tke
k=1 Kyi=vo [ty =" (ra =) Pl
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= IO W
k=1 n.

=1 G2 ) N A e

—1+4/5 :—1—\/3

, n 2

where v, =

Corollary 8: If F ! is the n—th Fibonacci number, then there exists the recurrence
relation

> (-1 2'(m+DF,, =%(n+1)Fn +@n+1j E,.,.

l+m=n

Proof:

1 _ 1 ( 1 2j :Z(_z)nxn(anan
n=0 n=0

(1-x—x*)° 1+2x\1—x—x

[ee]

= Z (-D" "x"i nF x""!
n=0 n=1

[ee]

= D (=D"2"x" ) (n+DF,,x"
n=0 n=0

= > > D2 m+DE,., |x*
k=0 |_l+m=k

= i Y. D' 2'm+DF, | |«

n=0 |_l+m=k

and

1 > 1 1
] e G o

Then there exists the recurrence relation

> (D)2 (m+DF,,, = %(n +1F, + @n + 1) E,.,.

l+m=n
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The proof is completed.
Theorem 8: Suppose 7 (x) is Chebishev polynomial of the first kind, and

ZTk(x)tk I bl

>0 1—2tx+t2,

then

S 1 (I—=xy,) | (xy, D) X k_N K" i
o(n, k) + + =) T, (x)—1",

wherey, = x +Vx* + 1,7, = x —/x* =1, x € (o0, ~ ) U (1, +0).

Proof: Let 1-2tx + 2= 0,7, =x+v x> =1, 7, =x-vx* =1, x € (~o0,—-) U (1, + 0),

1x xt _ x(t=yi+y)
1—-2tx+12 E=yDE=v,) (E=y)E—7,)

Xy [ 11 j_ X
Yi— Y2\ Y28 V1 Yz_t’

1 1
1—2tx+12 (t =y —=7,)

1 [ 1 1 j
= —_ , then
Yi— Y2\ Y2~ Y1

1-1x 1 3 tx
1-26c+1> 1-2tx+1> 1-2tx+1>
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G — ! Kl k! } wl{ k! K],
()= _ _ - .
N2 -0 =0 ] =m0t -0 (-0t

On the other hand, T (x) is the Chebishev polynomial of the first kind, its

0 1 _
generation function Z T, (k= —tx2 =G(1), then g(k) =T (x), k> 1.
k=0 1 — 2lx —X

By Lemma 2, then we derive the identity between ¢(n, k) and the Chebishev
polynomial 7' (x) of the first kind as follows

id’(ﬂ k)l{ 1 { k! B k! }_ Xy, { ] B k! }
k=1 Kn-10-0" -0 n-1l@,-0"" @ -0

xk! - k"
1" = T () =1,
) k=1 n!

(v, —1

o 1 1- -1 -
¥ k){ { e )k+l} - k+l}tk =2 L=
k=1

+
Y1—Y2 (Yz_l)kJrl (v, -t (Y1)

0 I_XYJ 1 . 1 ] X} . 0 E ’
b(nk) X e o
kz‘; {71 —Y2 {(Yz —1)*! (71 —p)<H! (72 —1)! Z ¢ !

where v, =x+x’ —1,\(2:x—\/)c2 —-1.

Corollary 9: If T (x) is the Chebishev polynomial of the first kind, then T (x) =

Yit+7Yo v =x+vx2 =1, 7, =x Vx> =1, x e (—0, -1) U (1, + ®0), n € N.
2 T ’

Proof: Here we give a method to prove the Corollary 9 by the course of Theorem
8. By Theorem 8,

1- 1 1 1 1 1
T SIS Y S
1=-2tx+1" Y1 =Y2\Y2—F Yi—t) Vi=YV2\Y2—t Vi—1) V-t

vy, =1 andyl—y2=2\/)c2 —1, then
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Y1~ Y2 k=0Y2 Yik=071

ok o Lk
6t = — Lizt—k—iz’—k}

R A

Yi—= V2| Y2k=0Y2 Yik=07i Y2 k=0

"~
.<N
N x

B 1 & 1 1 xy, xy
- ZL kL k4l ol T | +XZ K+l

Yi= Y2 k=0\ 712 Y1 %) Y1 k=0 Y2

I—xy
= IZL el k+1]t +XZ NS

Yi= Y2 k=0\ 72 Y1 k=0 Y2

= Z [T ot |
=0\ Y1~ Y2 V2 Y1~ Y2 Vi

k+1

A=xy)vi " == xy)vs
z (7 Yz)(Y1Y2)k+l

_ 3 a- o™ ==y
k=0 2Wxr -1
and G(1) = Xi_o T (x), so that
(L=xy )i = A= xyys"

T, (x)=

2/x? -1
Finally, we derive the Chebishev polynomial of the first kind

n+l (

T = (L—xy)yi™ —(1 XYYy (= (=11

22— N
2

x —lv?+ x2—1v§ _ Vit
2

b
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where y, =x + \/xz—l,yzzx— \/xz—l,n € N.

This completes the proof.

5. SERIES OF COMBINATORIAL IDENTITIES ON C, (n)

Theorem 9: There exists the combinatorial identity

- o B k S n_ k
C, (n) = £ =22 Pk"*,
; e La— ! (B—t)"“} ; ‘

t

where P (k > 1) are Pell numbers, oo = —1 + \/5 and B=-1- \/5

Proof: Because of ¢(n, k) = £.S(n, k) = L C (n) and by Theorem 4, then

S a B k < n k
C,(n) . =22 Pk,
2,Giln La— (B—t)"“} 2R

t)k+1

where P (k > 1) are Pell numbers, oo =~1 + \/5 and B =-1 —\/5 .

Theorem 10: There exists the combinatorial identity

X 1
C,(n) - t*=24x - U (x)k"t%,

k+1_ k+1
where U (x) = \/l Y, =x+Vx* -1, Y, =x—vx*-1,andx e (—o0, —HU(1, ).

Proof: Because of ¢(n, k) = 1. C,(n) and by Theorem 7, then

k=1

= 1

k+1 k+l
where U (x) = \/— skeN,y =x+ N yz—x—\/x —1,andx € (-0, -1)U
(1, ).
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Corollary 10: There exists the combinatorial identity

k+1
Z knz [1+ (_1)k+2—l][k ;F 1} 21\/§k+1_ltk

0
k=1 =0

- 1 1 x
= C - .
; k(”){(z_\/g_t)kﬂ (2+\/§_t)k+lj|t

Proof: Because of ¢(n, k) = L C (n) and by Corollary 3,then

0 k+1
Z kni [1+(_1)k+2—1][k;1j 21\/§k+1_ltk
k=l =0

1 1

e - £
; k(n)|:(2_\/§_t)k+l (2+\/§_t)k+1}

Corollary 11: There exists the combinatorial identity

00 k+1
z knz [1 (e ][k + 1j31 22

1=0 !

o
LR

8

1 1 .
= C _ '
kZ:; k(n){(3—2\/§—t)k+l (3+2\/§—I)k+1 }

Proof: Because of ¢(n, k) = 1. C,(n), by Corollary 4, then

© k+1
> k" [1+(—1)"+2"][k z+ lj 3 (242) 1k

k=1 =0

=>cC _ |
o km{@—zﬁ -0 (B+242 _t)kﬂ}

Theorem 11: There exists the combinatorial identity

d+k—2] [d+k—2
+

© k ©
ZCk(n) K - L ﬂt—= ZD(k—l;(a))k"tk,
k=1

a-n** o
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where (a) =(1, 1, ---, 1), the number of 1 in (a) is d.
Proof: Because of ¢(n, k) = 1. C,(n) and by Theorem 6, then
> d+k-2 d+k-2 t* © "
C.(n +t ———=> Dk—-1(a)k"t",
2, )K k-1 ] [ k ﬂ(l—r)‘”" 2 Dkt

where (a) =(1, 1, ---, 1), the number of 1 in (a) is d.

Theorem 12: There exists the combinatorial identity

ch(n){ FT }k =\/§kz_; Fk"t,

=1 (y1—1) v, — 1)<

where F is the k-th Fibonacci number, v, = ‘”2—*/5 and vy, = -15\5 ,keN.

Proof: Because of ¢(n, k) = 1. C,(n) and by Theorem 7, then

iCk(n){ ! ! }k N WAL
k=1

=1 (=0 (y, -0

where F is the k-th Fibonacci number, vy, = # and v, = ’1;/5 ,keN.

Theorem 13: There exists the combinatorial identity

ickm){ 1 {1‘”2 + XVZ‘)H x }:iTk(x)k"t",
k=1 k=1

+
Y=Y2 | (o =) (y, -1 (r, —t)*!

k,  k
where y, =x + VX -1,y,=x~ Vx? -1 and T (x)= %, k € N.

Proof: Because of ¢(n, k) = 1. C,(n) and by Theorem 8, then

ickm){ 1 {1‘”2 + XVZ‘)H x }:iTk(x)k"t",
k=1 k=1

+
Y=Y2 | (o =) (y, -1 (r, —t)*!
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k,  k
where y, =x + \x? -1,y,=x~ Vx* =1 and T (x)= %,k eN.

Corollary 12: There exists the combinatorial identity

[£]
Ry R 0 5426 15-26
{k 2(21]231 1315k ZI}tk :zck(n)|: j|tk~

2

o0
k=1

+
5 po (5+2v6 -1 (5-246 —n)**!

Proof: Let x =5, thenyl:5+2\/g,yzz5—2\/g.Forx:5,

k k k k
L) = 200 ;(S_NE) ={Z[l;j(2£)lsk-’ +Z[];J(—2J€)’5H}
=0

2 =0

1 k 12k
-y [1+(—1)l]( j(zJE)lsk" ==y 2( j(2\/8)2’5k‘2’

[£] H
2k 2k
2 : 221615k—21 :z : 231315k—21
21 21

=0

1 I—xy, xy,—1 X
k+1 + k+1 + k+1
Vi=Y2| (2 -1) (y,—1) (v, —1)

1 106 —24 N 24106 . 5
46| (5-2v6 - 5+2J6 -t} | (526 — 1)

1 5426 . 15-26
20 5+246 -0 (5-26 -0 |

Then by Theorem 13, there exists the combinatorial identity

) N _ o0 [g] k
lz C,(n) 5+246 N 15-26 k= z " 233l 5k-21 4k
2 21

k=1 5+ 26 - n*t(5- 2.6 —p)! k=1 1=0
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| ek 2 _ _
3 {knz(zljzyu?)gkzztk} Sc, (n){ 5+246 15-2v6 .

+
k=1 1=0 k=1 (5‘*'2\/g—l)k+1 (5—2\/8—0“1

Theorem 14: For any C (n), k,n € N, if G(1) = Z/il g(k)t*, g(k) is one complex
coefficient, k > 1, then there exists the combinatorial formula

) k
Sc, (n)G(k)(t)% =" gk .

k=1 k=1

Proof: Because of C (n) = k!S(n, k) = n!¢(n, k), then ¢(n, k) = L. C,(n). By Lemma
2, there exists the equality
0 k o)
k)
n)G® (= 8K gk
; bGP (1) ; -
Then
© 1 k o0 o0 k o0
> L ame® 0t =3 80k 3 ma® 0t =3 skt
Pl kKo k=1 kS

The proof is completed.
Corollary 13: For any C (n), k, n € N, there exists the equality

0 k 0

> Cm——— =Skt

k=1 - =

Proof: Let G(7) = -, then G¥(1) = —£— and G(1) = {- =X, here g(k) = 1,

(l—t)kﬂ

k> 1. By Theorem 13 we have the equality
C,(n)————=) k"t".
k=1 - =
Corollary 14: Let C(n) be the total number of chains, then

0 kn
Cln)= Z Sk
k=1

(see Corollary 6)

91



LIMIN & TIANMING WANG

Proof: We give another method to prove Corollary 14.

Letr= % and by Corollary 13. Then we derive the explicit formula as follows

0 n

kZ;Ck() ())k+1 Zk (2} ,C(n)= ch(n) Z N

k=1

6. THE REPRESENTING FORMULA OF ¢(n)

Theorem 15: If ¢(n) is the number of all associated numbers, then

1 n
o) =— > Afo"
n. k=1
, where A is the difference operator.

Proof: By Corollary 5, then ¢(n) = %Z k=1 On the other hand, by Corollary

2k+1 :
7,then X7 AfO" =37, ~r - Finally, ¢(n) = 325 Afo",

Here we solve the representing formula of ¢(7).

Corollary 15: There exists the combinatorial identity

USRS WIS wE

k=1 i=0

Proof: Because of AXO" = Y5 (—l)k_i[]fji" (see[6]) and by the course of

Theorem 15 Y} _, A*0" =37, Zﬁ%, then

USSR *E

k=1 i=0

7. CONCLUSIONS AND FUTURE WORK

In this paper, we solve the generating function of associated numbers ¢(n, k), obtain
the explicit formulas of C(n) and ¢(n), discuss series of combinatorial formulas
involving Lucas number, Pell number, Fibonacci number and Chebishev numbers,
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finally, present the representing formula of ¢(n) on the difference operator. In future
work, we will give some other results on associated numbers ¢(n, k).

[1]
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