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1. INTRODUCTION

In this paper we study the existence of positive solutions for the following nonlinear
scalar boundary value problem

{—q X0 |72 X)) € dj(t, x(t)) a.e. on T:[o,b],} W

x(0)=x(b)=0,1<p<oo

Here the potential function j: Tx R — R is measurable in # € T and only locally
Lipschitz (hence in general nonsmooth) in the x € R variable. Then 0j(¢, x) denotes
the generalized (Clarke) subdifferential of j(z, -). In the past the problem of existence
of positive solutions for scalar boundary value problems was studied by many authors,
primarily in the context of semilinear (i.e. p = 2) equations. We mention the works
of the Erbe-Hu-Wang [5], Erbe-Wang [4], Liu-Li [7], Njoku-Zanolin [9], Wang
[16], which deal with semilinear equations. In Erbe-Hu-Wang [5], Erbe-Wang [4]
the authors deal with the the so-called sublinear and superlinear problem: i.e. if f(x)
represents the right hand side nonlinearity, they assume

tim L — o0, 1im LY~ 0 (qublinear case) and tim L2 =0, 1im L -

x—=0" X x—=0" X x—=0" X x>+ X

(superlinear case) and their approach uses degree theory and in particular the fixed
point index and Krasnoselskii’s theorem on fixed points for maps of the compression-
expansion type. Similar is the work of Wang [16], who deals with the sublinear case
for a semilinear elliptic equation on an annulus. Liu-Li and Njoku-Zanolin use weaker

+00
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conditions on the asymptotic behavior at +oo and 0* of the ratio » however

always avoiding any interaction with the spectrum of the negative scalar Laplacian
(nonresonance). The method of Liu-Li is similar to that of Erbe-Hu-Wang and Erbe-
Wang and it is based on degree theoretic arguments. The work of Njoku-Zanolin,
combines degree theory with estimates for the time map. Recently the attention
shifted to equations driven by the scalar p-Laplacian. In this direction we have the
works of De Coster [3], Ben Naoum-De Coster [8] and Wang [17]. De Coster and
Ben Naoum-De Coster use the method of upper-lower solutions in conjunction with
the time map, while Wang extends the semilinear work of Erbe-Wang. None of the
aforementioned works treats the resonant case. Resonant problems were first studied
in the celebrated paper of Landesman- Lazer [6], who produced some sucfficient
conditions for the existence of solutions to some smooth, semilinear Dirichlet
problems. Since then these conditions are known as Landesman-Lazer conditions
(LL-conditions for short). Resonant problems are important since they arise often in
Mechanics.

In this paper we establish the existence of at least one nontrivial positive solution
under complete resonance at +oo. At 0* we allow only partial interaction with the
spectrum of the negative scalar p-Laplacian with Dirichlet boundary conditions
(nonuniform nonresonance).

2. MATHEMATICAL BACKGROUND

Let X be a Banach space and X " its topological dual. By (-, -) we denote the duality
brackets for the pair (X,X"). A function @ : X — R is said to be locally Lipschitz, if
for every x € X we can find a neighborhood of U of x € X and a constant k, > 0
(depending on U) such that

lo ) - ¢ (@] < k|| y-z|forally, ze U.

Recall that if 1 : X — R is continuous convex, then it is locally Lipschitz. Similarly
if  eC'(X). If ¢ : X > R, is alocally Lipschitz function, the generalized directional
derivative of @ at x € X in the direction 4 € X, is defined by

o° (x:h) = lim sup 2 FA-0().

x'—x }\4
A0

It is easily seen that 1 — @°(x; h) is continuous, sublinear and so it is the support
function of a nonempty, w*-compact and convex set 0¢ (x) < X  defined by
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0p(x) = {x" € X" : (x", h) <@°x; h) for all h € X}.

The multifunction x — d¢(x) is called the generalized subdifferential of ¢. If ¢ is
also convex, then the generalized subdifferential coincides with the subdifferential
0_¢ in the sense of convex analysis, which is defined by

0.p(x)={x" € X": (x", h) <@(x+h) - p(x) for all 1 € X} for all x € X.
If ¢ € C'(X), then
op(x) ={¢'(x)} forall x € X.
If @, : X > R are two locally Lipschitz functions, then
o(p + ) < 0 + 01 and O(Ae) = Ao for all Ae R.

If ¢ : X = Ris alocally Lipschitz function, then x € X is a critical point of o, if
0 € 0¢(x). In this case ¢ = @(x) is a critical value of @. If x € X is local extremum of
¢(i.e. a local minimum or a local maximum), then x € X is a critical point of ¢.

It is well-known that in the smooth critical point theory, crucial role plays a
compactness type condition, known as the “Palais-Smale condition at the level ¢
R”. Here we will use a generalized nonsmooth version of it. Let
¢:X > R=RU {+00} be a functional, such that ¢ = @ + {,with @ : X — R locally
Lipschitz and ) a proper, convex and lower semicontinuous functional. In the present
nonsmooth constrained setting, this condition takes the following form:

“A locally Lipschitz function ¢ = ®@ + v satisfies the generalized nonsmooth
Palais-Smale condition at the level ¢ € R (the generalized nonsmooth PS -
condition for short), if any sequence {x } _ < X such that ¢(x ) — ¢ and

e fly-x )l SOy -x) +90) - bix,) Yy € X,
with g 4 0, has a strongly convergent subsequence.”

The following is the generalized nonsmooth version of the well-known “Mountain
Pass Theorem”.

Theorem 2.1. If X is a reflexive Banach space, ¢:X — R =RU{+x} is a

functional, such that @ = ® + {, with ® : X — R locally Lipschitz and > a proper,
convex and lower semicontinuous functional, satisfies the generalized nonsmooth

PS -condition and there exist x, x, € X and p > 0 such that
@) |lx, - x || > p and

(i) max{(x), p(x))} <c,=inf{o) : ||y - x[| = p}
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then ¢ has a critical point x € X with critical value ¢ = ¢(x) 2 ¢, defined by the
minimax relation
df
c = inf max ¢(y(t)) <+,
yel' t€)0,]]

where

daf
I'={yeC(0,1], X): y(0)=xy, y(1) = x;}.
Finally by A, we denote the first (principal) eigenvalue of the negative p- Laplacian
with Dirichlet boundary condition, i.e. of (—A p,Wol”’ (0, b)). We know that A, >0

and it has the following variational characterization

S | £
| =1inf :xeWyr(0,0), x #0 ;.

Il x5
In fact we know the full spectrum of (-A , Wol”’ (0, b)) which is given by

p

n 1 dt
A, = (Z)p(P -1 2.[0 1
(1-tP)?F

(see Gasinski-Papageorgiou [12], p.761). Also u, € C; (T) is the principal eigen
function.

3. EXISTENCE OF POSITIVE SOLUTIONS
Our hypotheses on the nonsmoth potential function are the following:
H(j): j:TxR — Risafunction such that j(z, 0) =0 a.e. on T, 0j(z, 0) = R
a.e.on T and
(1) forall x € R, t — j(¢, x) is measurable;
(i) foralmostallz € T, x — j(¢, x) 1s a locally Lipschitz;

(iii) for every M > 0 there exists o, € L*(T), such that for almost all 7 € T, all |x|
<M and all u € 9j(t, x), we have |u| < o (1);
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) u
(iv) xligloo = =A uniformly for almost all ¢ € T and all u € 0j(¢, x);

(v) Letg (¢, x) =max[u: u € 9j(t, x)] and set
pj(t, x)

G, (t,x) =
0 if x=0

function G,_ € L'(T) such that

-g(t,x) if x#0
and suppose that there exists a

G, () <liminf G, (7, x) uniformly for almostallt € T

X—>+00

and [ G, (g ()dr > O;

T pj(t,x)
(vi) lim sup=——
x—0" X
such that n(7) <A, a.e. on T and the inequality is strict on a set of positive
measure.

<n() uniformly for almost all ¢ € T, where € L*(T)_ is

Remark 3.1. Hypothesis H(j)(iv), says that we have complete resonance at +.
On the other hand hypothesis H(j)(vi) implies that at 0" there is only partial interaction
with the spectrum of the negative scalar p-Laplacian. Such a condition is often called
“nonuniform nonresonance’. If the potential j is time invariant, then this condition

13 29 pj(t, x) . . . .

says that near 0* the “slope x—p stays strictly below .. Finally hypothesis H(j)(v)
is a unilateral nonsmooth version of a generalized Landesman-Lazer type condition,
first used in semilinear problems (i.e. p =2) by Tang [14].

By modifying j(z, x) on a Lebesgue-null subset of 7, if necessary, we may assume
that (¢, x) — j(¢, x) is Borel measurable. Then by definition we have

7ot xh) = lim sup J(t, X"+ L) — (1, x")

x'—x 7»
0
x',AeQ

b

= (t, x) = j%(t, x; h) is Borel measurable.
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It follows that, if {h } _ is an enumeration of the rationals in R, then
Groj={(t,x,u) e TXx RxR :uh <, x; h) forall h € R}
_ ﬂ {t,x,u) e TxRxR:uh, < jo(t,x;hm)}
m>1
(recall that j°(z, x, -) is continuous)
€ B(T) x B(R) x B(R).
For every A € R we have that
{(t,x) e TxR: g (t,x) 2 A} =proj, {( x, u) € Grdj: u=Lr}.
Because 0j(t, x) is compact, from Hu-Papageorgiou [13], p.41 we have that
proj, o {(t x, u) € Grj: u= 1} € B(T) x B(R),

= g, is jointly measurable.

We introduce the functional ¢, : W, (0, b) - R defined by

cpl<x>=%ux' I~ i xon.

We know that ¢ is locally Lipschitz (see Clarke [2], p.85 or Denkowski-
Papageorgiou [10], p.617). Alsolet C ={x e Wol"’7 (0,b):x(t)>0 forall r € T} (recall

that Wol’p (0, ) < C(T)). Evidently C is a nonempty, closed and convex cone in the

Sobolev space W, (0, b). Let ¢, € Ty (W,? (0, b)) be defined by

0 if xeC

(Pz(X)=ic(X)={+oo if xeC

(the indicator function of the set C).
Finally we set
¢=0,+0,
1

1
Evidently ¢ €T (W,” (0, b)). In the sequel > +; =1.
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Proposition 3.2. If hypotheses H(j) hold, then ¢, satisfies the generalized
nonsmooth PS-condition.

Proof. We consider a sequence {x,},.; < W,”(0,b) such that
lo(x )| <M, for some M >0andalln>1
and @; (x5 = X,) + 9 (¥) = Py (x,) = —¢, | y—x, |
for all y e Wy*(0,b), with e 1 0.

Evidently {x } _ < C. Recalling that (P(l) (x,;-) 1s the support function of the

weakly compact set 0@, (x ), for every ye W,”(0,b), we can find x,,edp,(x,)
(depending in general on y), such that

(p?(xn;y_xn):<x:;7y_xn>‘
Hereafter by (-,-) we denote the duality brackets for the pair
(WEP(0,b),W9(0,b) =W P (0,b)"). Consider the nonlinear operator

A:WyP(0,b) > W4(0,b) defined by

(A00.y) = [ 2@ 172 ()@ for all x,y e Wi (0,b).

It is easy to see that A is monotone, demicontinuous, thus maximal monotone
(see Denkowski-Papageorgiou [11], p.37). Moreover, we have

x: = A(x,)—u, with u, € ng(.,x,,(.))’ n>1
(see Clarke [2], p.83 or Denkowski-Papageorgiou [10], p.617).

We claim that the sequence {x,},., < Wol’p (0,b) is bounded. Suppose that the

claim is not true. Then by passing to a subsequence if necessary, we may assume

S (

that ||x || — 0. Set Vn = T nz1. Evidently |lv ||=1,n>1 and so by passing to a

further subsequence if necessary, we may assume that
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v, —>v in Wi (0,b) and v, —vin C, (7)

(recall that Wol"’7 (0,b) is embedded compactly in C,(T)).

By virtue of hypotheses H(j)(iii) and (iv), given € >0, we can find o, e L*(T) ,
such that for almost all # € T, all x > 0 and all u € 0j(t, x), we have

u<(r, +ex " +a (). (3.1)

Let |- | denote the Lebesgue measure on R. By hypothesis H(j)(ii) for all € T\D,
|D|, =0 the function j(z, -) is locally Lipschitz. So we can find E(f) c R with |E(?)|, =
0 such that j(z, -) is differentiable at every x € R\E(¢). Then for all # € T\D and all x >
0, we have

Jt,2) = j(0.0) = jt.x) = [ (@ rydr.

Recall that j (z,r) € 9j(z,r) forallr € T\D and all r € R\E(7). So using (3.1), we

have

jx) < [Co e+ + ey dr

=a,()x+ l(7»1 +&)x?
p

for almost all 7 € T'and all x > 0. Because {x } _ < C, we can write that for almost
allre Tand all n > 1, we have

J{, %, (;)) < aﬁ(tp)_l v, (1) + M tE v, ()",
N, P x|l p

:>J‘b j(t’x"(t))dté b as(l)_l Vn(t)Jr;‘l +& v, II7,
O lx, II” O x, II”

.
= limsup [/ LE2E) gy ey
R [ | p

Because € >0 was arbitrary, we let ¢ 4 0 to obtain
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hmsup'[ ](tx—ﬁt))d 1|| ||p (3.2)

From the choice of the sequence{x } _ < C, we have

<1 —

| (P(xn) | S Ml
[, 117 s 117

J(t X, (t))
n W—l i L PTG (3.3)

Passing to the limit as n — oo, exploiting the weak lower semicontinuity of the
norm functional in a Banach space and using (3.2), we obtain

V17 <2 vl
= v=uorv=0 (recall thatv e C).

If v=0, then we have that v/, — 0 in L/(T) (see (3.3)) and sov, — Oin W,"” (0, b)

a contradiction to the fact that [|v || = 1 foralln> 1. So v = u,. Recall that u (¢) > 0 for
all ¢ € (0, b). From the choice of {x } _ < C and using as a test functiony=0 € C,
we have

(A, x,) - [, de <z, |15,

’ b
=l 15 = wx,de <e, || x, I} (34)

Also from the inequality |p(x )| <M, for all n > 1, we have

’ b
=l 15+, pite,x, (0)dr < pM,. (3.5)
Adding (3.4) and (3.5), we obtain

b .
[0 (piCx, ) =3, ) de < pM, +e, || x, | 021,

b( pjt,x, () pM,
SL[ A j”wun+8” t (3.6)
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We introduce the functions

J(t,x,(®) if x(0)>0
h,(t)=1 x,(t) " , n>1 (recall x, € C).

0 if x,()=0

Then we have

. pM1>V(m0wwaﬂ%%Jm

+ =
Sl AU

_ pi(t,x, (1) o
B .[{x,,>0}( Il x, |l —u,x, |dt (since j(z,0)=0a.c.onT)

b b
> jo ph,v,dt — jo g, (t,x, (D), ()dt

= [1Gy (e, (), (). (3.7

By virtue of hypothesis H(j)(v), given € >0, we can find M, = M (¢) > 0 such that
for almost all 7 € T and all x > M,, we have

Gt x)2G(1)-¢. (3.8)

On the other hand from the mean value theorem for locally Lipschitz functions

(see Clarke [2], p.41 or Denkowski-Papageorgiou [10], p.607), for almost all t € T
and all x € (0,M), we have

Jj(t, x) = tix with @i € 0j(t, M1)x), A(t) € (0, 1),

pj(t, x)

= —g,(t, x)=ux—g,(t, x)

>~ My, (1) =0ty (1)

= G,(t,x) 2 (=M, —Day, (0. (3.9)

From (3.8) and (3.9), we see that for almost all # € T and all x >0, we have

G,(t,x) > B() with B e L\(T),. (3.10)
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Note that u,(¢) > 0 for all € (0, b), implies that x (r) — +oo for all 7 € (0, D). So
using Fatou’s lemma ((3.10) permits its use), we obtain

liminf [ G, (z,x, (v, ()dr
n—ow <0
b
> [ lim inf G, (¢, x, (1))v, ())dt
0 now

> ['G, (v(t)di = [ G, (0 () G.11)

So if we pass to the limit as n — oo in (3.7) and use (3.11), we have

(6. (u(nydr <o,

a contradiction to hypothesis H(j)(v).

This proves that the sequence {x } < C is bounded. Hence by passing to a
subsequence if necessary, we may assume that

X, —>x in Wol’p(O, b) and x, > x in Cy(T).

c C, we have

2l —

Recall that from the sequence {x }

<A(xn),xn —x>—jobun(xn -x)dt<g, || x,—x||.

b
Remark that .[0 u,(x, —x)—>0 asn — o (see hypothesis H(j)(iii)). So we have
lim sup <A(x,,), X, — x> <0.
n—o0

But A being maximal monotone, it is generalized pseudomonotone and so we
have

(A(x), x,) >(A(x), x),

= 1= kel

w . .
Since + in I”(T) and the latter is uniformly convex, from the Kadec-
x',—>x y
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Klee property we have x’ — x"in L”(T). This means that x,, — x in Wol"’7 (0,b) and
so we conclude that ¢ satisfies the generalized nonsmooth PS-condition.

Proposition 3.3. If hypotheses H(j) hold, then ¢ (tu ) — —o0 as t — +oo.

Proof. Because of hypothesis H(j)(v), given € > 0, we can find M, = M (¢) > 0
such that for all # € T\ N, with |[N|, = 0 and all x > M, we have

K (t)=G,(t)-e<G(t,x),

G, (t, K (t) d 1 K] (t
SCIUEIIN ()z—i— ()J (3.12)

x? x? dx\ p-1 x|

Recalling the definition of G (, x) (see hypothesis H(j)(v)), we see that for all
t e I\N,|N|,=0,all x> M and all u € Jj(t, x), we have

G, x) _pjt.x) & x)

x? xPH x?
pit,x) u
< xp+1 x_p (313)

pj(t, x)
xP

Note that for all + € T\N, the function X = is locally Lipschitz on

[M,, +o0). So we have (see Clarke [2], p.48 or Denkowski-Migorski-Papageorgiou
[10], p.612)

o)y it 0x” = pitt, )"

x? 2P
_ a](ta x) . p](t, .X)
- xl’ xp+1 ’
— max[u:u ea(‘](t’ x))] < &6x) _pit.x) .G x)

(3.14)

+1
x? x? x? x?

(see (3.13)).
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J(, x)

X

Fix t € T\V, |N|, = 0. The function X = is differentiable at all x e

[M,,+ o)\E(2), |E(1)], = 0. We set

d jt,x)

uy(t, x)=3dx x?
0 if xekE{)

) if xe[M,,+0)\E(t)

J(t, x)
P

We know that #(7, x) € 0( ) for all x € [M,,+0)\E(t). Therefore

i<l L K®
T dx p—1 Pl (see (3.12) and (3.14)). (3.15)

Lety, z € [M,,+o) with y < z. Integrating (3.15) over [y, z], we obtain

jt9)_jty) Ki®

p

1 1
- 3 p—1 [Zl,_l _yp_lj for allr € T\N, |N|, = 0. (3.16)

By virtue of hypotheses H(j)(iii), (iv), given & >0, we can find o_& L*(T), such
that for almost all 7 € T, all z> 0 and all u € 0j(¢, x), we have
A -7 '—a@®<us(h +e)" +a ().
Since j'_(¢, z) exists for all z € R\C(¢), |C(9)|, =0 and j',(z, z) € 9j(t, z), then for
almost all 7 € T and all z € R_\C(7), we have
O =)z’ —a () < (1, 2) S0 +8)27 +a, (1)

Integrating this inequality over [0, x], x > 0, we obtain
l(kl —e)x? —o ()x < j(t, x) (A +e)x? +a ()x
p
(recall thatj (¢, 0) =0a.e.on 7).

Therefore we have

im 20 _ 1
lim = —M\ for almostall 7 € T.
X0 X P
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. : A
Set Ji(t, x) = j(t, X)—;l|x|p - Then we have

llm Jl(l9 x)

x—0  xP

=0 uniformly for almost all # € T. (3.17)

Returning to (3.16), we see that we can rewrite it as

N S (3.18)

Passing to the limit as z — +o0 in (3.18) and using (3.17), we obtain

jl(taz)_jl(tay)SK;(f)[ 11 j

Aty K@ 1
Yoo p=1 oyt

Dhmszﬂq
v op-l

. +
y—>+00 y p—1

for almost all r € T. (3.19)

Now suppose that the claim of the Proposition was not true. Then we can find a
sequence A —> oo and M, > 0 such that

oA u)=-M, foralln=>1

A Ay b
:?”“ Iy _?”ul Il _.[0 L@ A (0)dt 2 -M,

:—Ib—jl(t’k"ul(t))u (1) dt>—£
0 A, (Ou ) Y

n

(recall u (1) >0 for all 7 € (0, D)).

Passing to the limit as n — oo, using (3.13) and recalling that € > 0 was arbitrary,
we infer that

G0 dr <0
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a contradiction to the hypothesis H(j)(v). This proves that ¢ |Ru1 1s anticoercive.

Our goal is to show that the Mountain Pass geometry is satisfied. To do this we
need the following Lemma

Lemma 3.4. There exists &, > 0 such that for all x € W,?(0,b) , we have

b
L (12 = @ <) [ de 2 g || 2|1

Proof. Let 1 : W, (0, b)R be defined

=11 1 = @) | x0) |7 di, x € Wy (0, b)

By virtue of the variational characterization of A, >0 and hypothesis H(j)(vi), we
have that 1 > 0. Suppose that the claim of the Lemma is not true. Then exploiting the

p-homogeneity of 1 we can find {x,},.; < W,”(0, b) with || x, ||,=1 such that ¥

X 4 0 as n — oo, by virtue of the Poincaré inequality and by passing to a subsequence
if necessary, we may assume that

X, Lx in Wy?(0,b), and x, — x in Cy(T).

Because of the weak lower semicontinuity of the norm functional in a Banach
space, we have

b
1, 1< [ x| dr<a [ <]

=[x {[p=2y [ x I}

= x=1u, orx=0. (3.20)

We can not have x = 0, since then || x’, ||,—> 0 as n — oo, a contradiction to

the fact that || x’, ||,=1 for all n > 1. Therefore x =+u,. Because u (r) >0 for all
t € (0, b), from (3.20) it follows that

[l < 2l

a contradiction to the variational characterization of 7“1 >0.
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Using this lemma, we can prove the next Proposition, which assures us that the
Mountain Pass geometry is in place.

Proposition 3.5. If hypotheses H(j) hold and r > p, then we can find & ,&, >0
such that o(x) > &, || x||” =&, || x || for all x Wol’p(O, b).

Proof. By virtue of hypotheses H(j)(iii) and (vi), given € > 0, we can find

a, € L°(T), such that for almost all 7 € T and all x > 0, we have

j(t, 0 < %(n(t) Fe)x? +a, ()x (3.21)

So for all x e Wy”(0, b) we have

0=l I~y it x5t

1 1 ¢b €
S 2y 1P —— P < P _ r
—pIIXIIp pjon(t)lx(t)l dt pIIXIlp Eullxl

(see (3.21) and recall that ¢, =)

€

>8I -5
1

| x ||§ =& x|l (see Lemma 3.4).

Choose € > 0 such that € <€ A p. Then by virtue of the Poincar’e inequality, we
have

0(x) 2 & [|x 7 =&, [l x|
for some &, >0 and all x e W, (0, b).

Now we are ready to prove an existence theorem for positive solutions of problem
(1.1).
Theorem 3.6. If hypotheses H(j) hold, then problem (1.1) has a nontrivial solution

X € C(l) (T) such that x(t) 20 forallt € T.

Proof. Because of Proposition 3.5 we see that p >0 small, we have
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inf [e(x) : || x[|= p]= &,>0.

On the other hand Proposition 3.3 implies that we can find A > 0 large enough
such that @(Au,) < @(0) =0. These facts together with Proposition 3.2, permit the
use of the generalized nonsmooth Mountain Pass Theorem, which givesusanx € C
such that

o(x) 2 £,>0= ¢(0) (hence x = 0)
and @0 (x; h)+ @, (x +h)— @, (x) > 0 forall 1 eW,"(0,b).

Set 4, (h) = ¢\ (x; h) and 1, (h) = @, (x +h) — @, (h). Note that ¢, : W,”(0,b) - R
is continuous, sublinear, while v, € 'y (W,” (0, b)). Moreover, remark that

0,1,(0) = 0g, (x) and 9,1,(0) = 0 ¢,(x)

Then we have

0 <4y (h)+, (k) for all h e WyF (0, b),

= 0€0,.(¢), +1,)(0) (recall that v, (0) =,(0) =0).

But from Convex Analysis (see Denkowski-Migorski-Papageorgiou [10], p.549),
we have

0,(0, +1,)(0) =0,,(0) + 0, ,(0) = 09 (x) + 0p,,(x),
= 0 € 0¢,(x) + N (x) (since 0 ¢,(x) = N _(x)),
= x"+v" =0 for some x" € 0@(x), v 0 N(x).

We know that x* = A(x) — u, with u € LYT), u(t) € 9j(t, x(t)) a.e. on T and
(v, y—x)<0forall y e C. So we have

(x',y—x)y>0forally e C. (3.22)
Let 6 € W, (0, b) and € > 0. Use as a test function
y=(x+e0)=(x+e0)+(x+e0) e C.
Using this in (3.22), we obtain
(x%,e0) > —(x", (x + €0)")

- —<A(x), (x+ ge)—> + j;’ u(x +0)dr. (3.23)
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Set T° ={r e T : (x+¢0)(r) < 0}. Then we have
(A, (x+e0) ) =[] 2|72 x+£0) Tl

= I X |P? X (x+e0)dr

_, —(x+e0)(t) if teT?
(since [(x+€0) ](;):{ i oreTt )
> SITE |x' [P~ x'0'dr. (3.24)

Because of hypothesis H(j)(iv), we can find M, >0 such that for almost all € T
and all x> M, we have 0j(t, x) c R . Then

j;’ uCx+e0)"dr =—[ L u(x+e0)dr

= _ITf m{x<M4}u(x +£0)dt —J.Tf m{XZMA‘}u(x +¢€0)dt (3.25)
Notethat — ==Jp. ., s+ e0)dr20. (3.26)

Also since by hypothesis we have 0j(7, 0) c R _a.e.on T, we see that u(z) >0 a.e.

on 7% n{x = 0}. Moreover, since by hypothesis we have x(#) 20 for all 7 € T (recall

that x € C), we have that 0(7) < 0 for all y e 7¢. Hence
_ITfm{x:O} u(x+¢e0)dt =—¢ J.Tfm{x:O} ubdt >0 (3.27)
Then we can write that

—I . u(x +€0)dr =
T>N{x<My}

_ITE Nix=0} (e + e8)dr - _I CA{0<x<My) u(x +eQ)d

>
TEN{0<x<M,

e+ e0)dt (see (3.27))
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28, ITfm{0<x<M4} (x+e0)dt (for some &, > 0
(see hypothesis H(j)(iii)),
2 @LI

TeN{0<x<M,

}edf (because x(¢) >0 forall t € T).

(3.28)
Using (3.26) and (3.28) in (3.25), we obtain
b _
[ uCe+20) dr > 6, ijm{kKMM 0. (3.29)
Returning to (3.23) and using (3.24) and (3.29), we obtain
* e ' [7*2 oy
(x",0) > ij |x' [P X'0dt+E, ijm{kKM“edz.

Remark that |T° " {0<x}|,—>0 ase 4 0. So in the limitas € 0, we obtain

(x*,0) >0 for all 6 W, (0, b),
=x"=0,
= AX)=u.
From this equality it follows, via Green’s identity, that

—('()2x' ()" = u(r) a.e. on T, x(0) = x(b) = 0,
= 'OP2X() € WH(0, b),
= WOP () e CT),
=x'e C(T).
Therefore x € C/(T), x# 0, x(t) > 0 for all t € T and is a solution of problem (1.1).

If we strengthen our hypotheses,we can produce a strictly positive solution of
(L1.1).
Namely our hypotheses on j(#, x) are the following:
H()": j:TxR— Risafunction such that j(z, 0) =0 a.e. on T, 0j(z, 0) = R a.e.
hypotheses H(j)(i) — (vi) hold and

(vii)for almost all # € T, all x > 0 and all u € gj(t, x), we have u>-Ex” -

with &5 >0.
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Theorem 3.7. If hypotheses H(j) hold, then problem (1.1) has a solution
x € Co(T) such that x(t) > 0 for all ¢ € (0, b).

Proof. Let x e C(l) (T) be the nontrivial positive solution obtained in Theorem
3.6. We have

— (W @P=2X' (1) = u(®) 2 - Ex(t)" a.e. on T (see hypothesis H(j)'(vii)) =(|x'(1)|"
X'(1) <Ex(ty'ae.onT.

Invoking Theorem 5 of Vazquez [15], we obtain x(¢) > O for all 7 € (0, b).

Remark 3.8. A nonsmooth locally Lipschitz function satisfying hypotheses H(j)
is the following (for simplicity we drop the t-dependence)

e’ -1 if x<0
Ji(x) =1 x" if xe[0,1] with r>p.

AMxP+xInx if x>1

The function j (x) that follows satisfies hypotheses H(j)'.

X

xe if x<0
Jh(x)=<csinx” if xe[0,1].

MxP +x"—csinl if x>0
with r<p, cp <A\,.
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