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ABSTRACT: Sensitivity analysis for strongly monotone quasivariational inclusions based
on H-monotonicity is discussed. H-monotonicity generalizes the well-known notion of
maximal monotonicity, which is widely explored.
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1. INTRODUCTION AND PRELIMINARIES

Just recently, the author [7] investigated, without using any of the differentiability
assumptions on solution variables with respect to perturbation parameters by Tobin
[6] and Kyparisis [4], sensitivity analysis for qusivariational inclusions involving
strongly monotone mappings applying the resolvent operator technique. Variational
inequality methods have been applied widely to problems arising from several fields
of research, especially from model equilibria problems in economics, optimization
and control theory, operations research, transportation network modeling, and
mathematical programming while a considerable amount of effort to developing
general methods for the sensitivity analysis for variational inequalities is made.

We intend in this paper to present the sensitivity analysis for H-monotone
quasivariational inclusions based on the generalized resolvent operator technique.
The notion of H -monotone mappings [2] generalizes the well-known class of maximal
monotone mappings. The obtained results generalize the results on the sensitivity
analysis for strongly monotone quasivariational inclusions [1, 7, 8] and others. For
more details, we recommend [1 - 14].

2. HH-MONOTONICITY

Fang and Huang [2] introduced the notion of H-monotonicity in the context of solving
a system of variational inclusion problems based on the resolvent operator technique.
The notion of the H - monotonicity generalizes the well-known concept of the maximal
monotonicity.
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Definition 1. [2] Let H : X — X be a nonlinear mapping on a Hilbert space X and
let M : X — 2* be a multivalued mapping on X. The map M is said to be H - monotone
if:

(1) M is monotone.
(i) (H+pM)(X)=Xforp > 0.

Proposition 1. [2] Let H : X — X be an r-strongly monotone singlevalued mapping
and let M : X — 2* be an H-monotone mapping. Then M is maximal monotone. The
next property is helpful in shaping up the generalized resolvent operator, which is
crucial to the main results on sensitivity analysis on hand.

Proposition 2. [2] Let H : X — X be an r-strongly monotone mapping and let
M : X — 2¥ be an H-monotone mapping. Then the operator (H + pM)™ is single-
valued.

This leads to the generalized definition of the resolvent operator:

Definition 2. [2] Let H : X — X be an (r)-strongly monotone mapping and let
M : X — 2% be an H - monotone mapping. Then the generalized resolvent operator

J gle : X = X is defined by
Jork () = (H +pM)™" ().
This reduces to resolvent operator J g” (when H =) defined by

o' )= +pM)~" (w),

where [ is the identity mapping.

3. MONOTONICITY/STRONG MONOTONICITY

In this section, we upgrade the notions of the monotonicity as well as strong
monotonicity in the context of sensitivity analysis for nonlinear variational inclusion
problems.

Definition 3. Let A: X > Xand 7T: X x X x L — X be any two mappings. The
map 7 is called:

(1) Monotone in the first argument if
(T, u, \) =Ty, u, L), x—y) 20V(x, y, u, L) e X x X x X x L.

(i1) (r)-strongly monotone in the first argument if there exists a positive constant
r such that
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(Tx, u, M) = TQ, u, L), x=y) 2 (r) |=y|P V(x, y, u, L) € X x X x X x L.

(ii1) (s)-Lipschitz continuous in the first argument if there exists a positive constant
m such that

I7Cx, u, &) — TCy, u, V|| < (m) ||x—y|| V(x, y, u, &) € X x X x X x AL
Definition 4. The map 7: X x X x L — X is said to be:
(1) Monotone with respect to A in the first argument if

(Tx, u, A) =Ty, u, L), A(x)—AQY)) >20V(x, y, u, A) e X x X x X x L.

(i1) (r)-strongly monotone with respect to A in the first argument if there exists
a positive constant r such that

(T(x, u, \) = T(y, u, L), A(x) = AY)) () |]x = y|P
Vx, y,u, M) e X x X x X x L.

4. MAIN RESULTS ON SENSITIVITY ANALYSIS

Let X denote a real Hilbert space with the norm || . || and inner product < .,. > . Let
N: X x X x L — X be anonlinear mapping and M : X x X x L — 2¥ be an H -monotone
mapping with respect to first variable, where L is a nonempty open subset of X.
Furthermore, let g : X — X be a nonlinear mapping such that g(X) N D(M) # ¢. Then
the problem of finding an element u# € X for a given element f € X such that

f € N(qu), q(u), 1) + M(gq(w), q(u), 1), )

where A € L is the perturbation parameter, is called a class of generalized strongly
monotone mixed quasivariational inclusion (abbreviated SMMQVI) problems.

For g=11n (1), we arrive at: find an element u € X for a given element f € X such
that

fe Nu, u, \) +M(u, u, \), 2)

where A € L is the perturbation parameter. Next, another special case of the SMMQV
I (1) problem is: for given element f € X determine an element # € X such that

feSu &)+ T, &) +M(u, u, 1), 3)

where N(u, v, L) = S(u, L) + T(v, L) for all u, v € X, for §, T: X x L > X any two
nonlinear mappings, and ¢ is the identity mapping. If $ =01n (3), then (3) is equivalent
to: find an element # € X such that

fe T(u, ) +M(u, u, L). )
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The solvability of the SMMQYV I problem (1) depends on the equivalence between
(1) and the problem of finding the fixed point of the associated generalized resolvent
operator.

Note that if M is H-monotone, then the corresponding generalized resolvent

operator J gIH in first argument is defined by

TU M ) = (H +pM(.,y) ' @)Vu e X, (5)

where p > 0 and H is an (7) - strongly monotone mapping, which reduces to resolvent
operator (for H =1) as

TMY ) =T +pM(,y) ' @)Vu e X, (6)
The following lemma upgrades a similar result from [2] :

Lemma 1. Let X be areal Hilbert space, let H : X — X be (r) - strongly monotone,
andlet M : X x X x L — 2* be H- monotone in the first variable. Then the generalized
resolvent operator associated with M(., y, A) for a fixed y € X and defined by

TMEY () = (H +pM(., )™ (u)
. 1 . .
YueX, 18 ; — Lipschitz continuous, that is,

||JM(y7”)(u) JM(M)(V)||< ||—v | Vu,veX.

Proof. It follows from the definition of the generahzed resolvent operator that

MM ) = (H +pM(,y,0) " wVu,ve X,

UM ) = (H +pM(,y, M) (0)Vu,v e X.

As aresult, we have

L = HMED ) € MUYE™ @),
p

LYS HIMM (v) e MUIYE"N ().
p

Since M is monotone, it implies that
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L (=B wy)
P

~(v=H( 5" ()

(JM( )Y, k)(l/t) JM( )Y, M(V»
= L w0 - HU YD o))
p

LI )= IV (v)) = 0.
Therefore,

lu=v 17550 )= 15> ) |
> (=, J )5 ) = )P ()
> (H(J )5 ) - HU Y ()
I ) = P ()

> r | IV @)= TP ) |F

Lemma 2. Let X be areal Hilbert space, let H : X — X be (r) - strongly monotone,
and let M : X x X x L — 2* be H- monotone in the first variable. Let g : X — X be any
mapping such that g(X) N D(M) # ¢. Then the following statements are mutually
equivalent:

(i) Anelement u € X is a solution to (1).

(ii)) The map G : X — X defined by
q(x) = G(g(x),\)
= JMEICOP(H (g(x) - pN(q(x),q(x), ) + pf)

has a fixed point g(u) € X, where JM( 40N — (H +pM(.,q(u),A))”" and
p>0.
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Proof. The proof follows from the definition of the generalized resolvent operator.

Theorem 1. Let X be areal Hilbert space, let H: X — X be (7) - strongly monotone
and (s)-Lipschitz continuous, and let M : X X X x L — 2*be H - monotone in the first
variable. Let N : X x X x L — X be (a)-strongly monotone (with respect to H) and
(B)-Lipschitz continuous in the first variable, and let N be (u) - Lipschitz continuous
in the second variable. Furthermore, let g : X — X be such that g(X) N D(M) # ¢. If,
in addition,

|| JY5 1M (w) = IVGIOR (w) || < || g() — () || V(q(u), g(v),A) € X x X XL,
)
then

| G(q(u), 1) - G(g(v), 1) || <0 g(w) —g(M) || V(u,v, k) € X x X x L, )]
where

Gzl[ s* —pa+pp? +pul+n<l,
r

‘p_a—r(l—n)u)
52—M2

_Aa=—r-—mp? - @ -1)6> - a-n?)
B2 — 12

o> r(L=mpr +y(B7 - s> 21 -],
B>ws<(l-mrpu<r(l-n)n<l
Consequently, for each A € L, the mapping G(u, L) in light of (7) has a unique
fixed point z(A), and hence, z(A) is a unique solution to (1). Thus, we have
G(z(L), L) =z(L).
When H =1 and g = I in Theorem1, we arrive at:

Corollary 1. Let X be a real Hilbert space, and let M : X x X x L — 2*be
maximal monotone in the first variable. Let N : X x X x L — X be (a)-strongly
monotone and (B)-Lipschitz continuous in the first variable, and let N be (u) - Lipschitz
continuous in the second variable. If
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| 7P )y = TP wy | <mflu=v || V@, v,h) € Xx X XL,
then

(G, M) -G, M) |[|<0]||lu—v|V(u,v,\)e Xx X xL, )

where

0=+/1-2pa+p’p* +pu+n<1,

a—(l-nu
st

_Aa=—a-nw’ -@ -2 -nn
B2 — 2 .
Therefore, for each A € L, the mapping G(u, 1) in light of (7) has a unique fixed
point z(A), and hence, z(A) is a unique solution to (2). Thus, we have

G(z(), ) = z(D).

Proof of Theoreml. For any element (i, v, A) € X X X x L, we have

G(g(u), ) = JY 51" (H(q(u)) - pN(q(u), q(), 1) +pf),

G(g(v), 1) = IMHAOP (H(g(v) - pN(g(v), (), M) +pf )
It follows that

IG(g, 1) = G(g, M = T 9 (H(q(w) - pN (), q(u), ) + pf )
— IO (H(g(v) = pN(g(1), (). M) +pf) |
< |51 (H () = pN(q (), q(u), ) +pf)
— JYSION (H(g(v) = pN(g(), (). 1) +pf) |
+ || I35 4O (H (g(v) — pN(g(v), g(v), 1) +pf)

— IV (H(g(v) - pN(q(),q(v), L) +pf) |
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IA

%ll H(gq(u)—H(q(v))

= P(N(q(),qu), ) = N(g(v),q(v), L) ||

+ n|lq) —gM ||

IA

1
~[Il H(g(w)~ H(q(v))

— p(N(q(u),q(),\) —N(q(v),q(u), )|

| PN (g(»), g(), ) = N(g(),g(v), ) ]

+

+

nllqgw)—qv)|.

The (r) — strong monotonicity and () — Lipschitz continuity of N in the first
argument imply that

|H(q(w)) —H(q(v)) — p(N(g(w), qw), 1) - N(q(v), g(w), L))
1H(q(w) — H(gW)II =2 p{N(q(w), q(w), 1)
N(q(v), q(u), 1),H(q(u)) — H(g(v)))
P’lIN(g(w), q(w), 1) = N(q(v), q(u), LI

(s* = 2pa + p*BA)lg(w) - gW)|I”

On the other hand, the (n)-Lipschitz continuity of N in the second argument
results

+

IA

[(N(q(v), (), 1)) = N(q(v), q(v), M)|| < pllg@) — g

In light of above arguments, we infer

1G(g(w), 1) = G(q(v), M| < 6llg(w) — g(W)]], (10)

where

1
0= ;[\/[s2 —2po+p’p* +ppl+n.

Since 0 < 1, it concludes the proof.

Theorem 2. Let X be areal Hilbert space, let H: X — X be (r) - strongly monotone
and (s)-Lipschitz continuous, and let M : X X X x L — 2*be H - monotone in the first
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variable. Let N : X x X x L — X be (a)-strongly monotone (with respect to H) and
(B)-Lipschitz continuous in the first variable, and let N be (u) - Lipschitz continuous
in the second variable. Furthermore, let g : X — X be such that ¢(X) N D(M) # ¢. If

[| 73554 (wy = TEG IR (wy [ < [ g(u) —g(v) || Ve, v, 1) € X x X x L,

then
IG(q(w), 1) — G(g(v), M| <|lg(w) — q)|| V(u, v, ) € X x X X L, (11)
where

Gzl[\/s2 —2pa+p*p? +pul+n<l,
r

a—r(-n)ru
P B2 _ 2

Aa=ra—mu? - @ -6 -2 a-n?)
B2 — 12 ’

o> r(l—mur + (B —p2)s® =21 -2,
B>ws<d-mrpu<r(l-n),n<l

M(.q(u),\)
p.A

(or Lipschitz continuous) from L to X, then the solution z(A) of (1) is continuous (or
Lipschitz continuous) from L to X.

If the mappings A — N(g(u), g(v), L) and A —> J (w) both are continuous

Proof. From the hypotheses of the theorem, for any A,A" € L, we have
[lz(0) =zl
|G(z(V), L) — G(z(A"), 1Y)
IG(z(L), L) = Gz(\), W)|| +[|G(z(X), &) — G(z(h™), A7)
llz(L) = z(A)|| + ||G(z(X), &) — G(z(\7), 1Y)
It follows that

IGG(), 1) - G), &)

IA

IA

= (| MO (B (W)= pN (2 ), 2007), 1)
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= THCOOD H () = pN (), 2, A |
< | THEOD (H (L) = pN (O ), 2(00),0)

= I P HER) =pN )20 |

+

JHGDD) (H (M) = pN (), 20 )A0))

= THCOD H (V) = pN ()2 ), |

IA

%IIN(z(x*»z(x*),X—pN(z(x*>,z<x*>,x*> I

JHEZ002 (207 ) = pN(z(L ), z )T

+

= JME0OMD () = pN (), 2R )N |

Hence, we have
[lz(X) - z(A7)

P * * _ * * s
71-0) | NGz), 2z ), = NG, z(V), A7

IA

1 * # % # #
+ mllJﬁ,ﬁ"Z“ Mz = pN(z(A),z(A), 1)

= JME0DMD (7Y~ pN (), 2R |

This concludes the proof.
For H=1, g =1in Theorem2, we have:

Corollary 2. Let X be a real Hilbert space, and let M : X x X x L — 2* be
maximal monotone in the first variable. Let N : X x X x L — X be (a)-strongly
monotone and ()-Lipschitz continuous in the first variable, and let N be (u) - Lipschitz
continuous in the second variable. If



Sensitivity Analysis for Quasivariational Inclusion Problems... 65

then

|75 o) = P wy | <mflu=v || V@, v,0) € Xx X x L,

GG, &) = G, || <Ol = v|| V(u, v, &) € X x X x L, (12)

where

0=+/1-2pa+p’p* +pp+n<1,

_oa—(d-mu
52—M2

Jo -1 —mp? — (B2 - )1 -1 —1?)
< B2 — 112
B>u, pp<l-m,n<lL
M(u))

If the mappings A — N(u, v, 1) and A — J; ;" (w) both are continuous (or

Lipschitz continuous) from L to X, then the solution z(A) of (1) is continuous (or
Lipschitz continuous) from L to X.

[1]

(2]

REFERENCES

X. P.Ding and C. L. Luo, On parametric generalized quasi-variational inequalities, Journal
of Optimization Theory and Applications 100 (1) (1999), 195-205.

Y. P. Fang and N. J. Huang, H - monotone operators and system of variational inclusions,
Communications on Applied Nonlinear Analysis 11 (1) (2004), 93-101.

H. liduka and W. Takahashi, Strong convergence theorem by a hybrid method for nonlinear
mappings of nonexpansive and monotone type and applications, Advances in Nonlinear
Variational Inequalities 9 (1) (2006), 1-9.

J. Kyparisis, Sensitivity analysis framework for variational Inequalities, Mathematical
Programming 38 (1987), 203-213.

A. Moudafi, Mixed equilibrium problems: Sensitivity analysis and algorithmic aspect,
Computers and Mathematics with Applications 44 (2002), 1099-1108.

R. L. Tobin, Sensitivity analysis for variational inequalities, Journal of Optimization Theory
and Applications 48 (1) (1986), 191-204.

R. U. Verma, Sensitivity analysis for relaxed cocoercive nonlinear quasivariational inclusions,
Journal of Applied Mathematics and Stochastic Analysis (to appear).



66

Ram U. Verma

[8]

[9]

R. U. Verma, Nonlinear variational and constrained hemivariational inequalities involving
rel axed operators, ZAMM: Z. Angew. Math. Mech. 77(5) (1997), 387-391.

R. U. Verma, Generalized system for relaxed cocoercive variational inequalities and projection
methods, Journal of Optimization Theory and Applications 121 (1) (2004), 203-210.

R. U. Verma, A- monotonicity and applications to nonlinear variational inclusion problems,
Journal of Applied Mathematics and Stochastic Analysis 17 (2) (2004), 193-195.

R. U. Verma, Approximation-solvability of a class of A-monotone variational inclusion
problems, Journal KSIAM 8 (1) (2004), 55-66.

R. U. Verma, Generalized partial relaxed monotonicity and nonlinear variational inequalities,
Journal of Applied Mathematics 9 (4) (2002), 355-363.

E. Zeidler, Nonlinear Functional Analysis and its Applications 1I/A Springer-Verlag, New
York, New York, 1985.

E. Zeidler, Nonlinear Functional Analysis and its Applications 11/B Springer-Verlag, New
York, New York, 1990.

Ram U. Verma
Department of Mathematics
The University of Toledo
Toledo, Ohio 43606, USA
verma99 @ msn.com



