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ABSTRACT: We improve some comparison results relative to the periodic boundary
value problem for a second-order functional differential equation. The improvement consists
on the consideration of different types of functional perturbations for a second-order linear
equation. We also present an uniqueness result for a quasi-linear problem in presence of a
couple of well-ordered upper and lower solutions. Finally, a monotone method is developed
for a general second-order nonlinear functional problem.
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1. PRELIMINARIES

We study the following nonlinear problem with periodic boundary value conditions

—V"(t) = f(t,v@),[ pWM]Q?)), ae.tel
v(0) =v(T),
V'(0) =v'(T)

(D

where I=[0,T], T>0,and f: [0, T] x R*? > R.

To this purpose, we first consider the periodic boundary value problem for a
linear second-order ordinary differential equation subject to functional perturbation

V") + Mv(t)+[p(W](t) =o(t), aetel
v(0) =w(T),
V'I(0)=V'(T)+A.

2)

Here M > 0, A is areal constant, ¢ € L'(I) and p is an operator not necessarily linear
nor continuous. We consider solutions verifying that v e W>!(I), that is, v and v’ are
absolutely continuous on / and satisfy the equation and the boundary conditions.

In [1], it was considered the problem
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=y"(0) = f(t, (@), y(w(®))), t €1,
y(0) = y(T),
y'(0) = y'(T),
where fe CUxR?, R),w € C(, [-r, T]), r>0, t—r<w(t) <t, V¢t € I. The authors

showed that the monotone method can be applied to this problem. In this context,
comparison results are given.

In [2], maximum principles for functional-perturbed linear problems of the type
(2) were presented. For example, the following results were proved.

Theorem 1.1: (Theorem 5 [2]) Consider problem (2), where M >0, <0,5>0
a.e. on I, and the functional perturbation p satisfies

for every w € C(I), p(w) € L*(I), 3)

there exists N > 0 such that
forevery T e I, w € C(I), 5 SUP; o, PW(X) < th[l&f] w(?) 4)

and

2N| . TAM ’
—| sinh <l1. (5)
M 2

Then, any solution v € W*(I) of problem (2) satisfies v=>0on I.

Here, for w € L*(I), we define the essential supremum of w on [ as the greatest
lower bound of constants o such that w(z) < o a.e. on I and it is denoted by
ess sup, _ w(r).

For the case where [p(w)](t) = Nw(0(¢)), for N > 0 and 0 : I — I, the authors
obtained the following result

Corollary 1 (Corollary 1 [2]) Consider problem

V() + Mv(t) + Nv(0(t)) = o(¢), a.e. tel
v(0) =v(T),
VI(0)=v(T)+A4,

(6)
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withM>0,N>20,A<0,0=>0a.e.onl and 0 : I — I such that
Vw e C(I), p(w) € L'(D),

and O(t) < t, for a.e. t € 1. Assume that estimate (5) holds. Then any solution v €
W2L(I) of (6) satisfies v=0on 1.

In [3] and for the continuous case, monotone iterative technique for problem (6)
was developed under weaker hypotheses and thus improving results of [1] and
debilitating hypothesis (5) to

2
2N| . TNM
—| sinh——— | <.
M 4

In section 2, we present some comparison results for problem (2), where p is of
general type, improving some previous results. In section 3, the existence of solution
for problem (2) is approached and, finally, in Section 4, monotone method for (1) is
developed, generalizing some existing results. The interest of the results presented
is the fact that the functional dependence in the equation is not necessarily
Lipschitzian, and even in that general situation uniqueness results for nonlinear
problems are obtained by using the method of upper and lower solutions.

2. MAXIMUM PRINCIPLE

Theorem 2.1 Let v € W*!(I) a solution of (2), where M >0, L <0, ¢ >0 a.e. on,
and p such that

Vw e C(I), p(w) € L'(D), (7)
pw) <0ae.onl ifwe Cl),w<0onl (8)

and forall a<b € I and w € C(I), we have

ijb[p(w)](t)e‘M(’”_zs)dt ds < max w(s), if maxw >0, 9)
ads s€[0,b] [0,b]
bps M (1+b-25) .
.[ I [p(W)](t)e dt ds < max w(s), if max w=>0. (10)
ada s€[0,T] [0,T]

Then,v>0onl.

Proof : If v >0 on /is not true, then there exists 7, € I such that v(z)) <0.If v<0
on I, v #0, then, using (8), we get

") = o(t) = Mv(1) — [p(N](1) =2 = Mv(1) — [p(v)](2)
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fora.e.t € [ and
V'(t) < Mv(t) + [p(v)](¢) £0, a.e.on 1.

Thus, V' is nonincreasing. Since v'(0) <v'(T), then V' is a constant function. This
implies that v(7) = k < 0. Then, by (8),

0 <Mk + [p(k)](t) < Mk,
which is a contradiction.
This shows that there exists at least one point ¢, € I with v(z,) > 0.
At this point, there are two possibilities:
Case 1: v(0) =w(T) > 0.
Then, there exists ¢, € (0, T) with

t,)=mi <0, ' _
V(1)) %HTI} v and v'(¢) = 0.
Let € [0, t) such that W& = 1[101%‘ v>0. Then, we obtain that

—V"(@) + Mv(t) 2 - [p(W)](®), a.e. € [0, 7 ].
Let p= \/ﬁ and v(7) = e”y(¢) so that

V(1) = pe™ y(1) + 2pe™y' (1) + e y" (D),
and
— (2pefy'(1) + y"(1)) 2 — [p(WM](1), a.e. 1 € [0, 7 ],
— (2pe*y' (1) + e*'y"(1)) = — [p(W](e”, ae. t € [0, ¢,],
— ey’ (1) = — [p(v)](e”, ae.t € [0,1,],
ey'(®) < [pM](e”, ae.t € [0,z ].

Integrating this inequality from s, s € [E, ), to 7,, we obtain

Py ()= () < [ I di, for 5 € [,1]
and

Y1) = (V1) —pe™ y(t)e ™™ = —py(t;) > 0.
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Hence,

—ey(s) < [ [pI(e) edr, for s € & 1]
and

—y'(s) < .[:l [p(W1(t) e”'dt 7P, for s € [E, t].

Now, integrate from & to f, to obtain

Y& <yt +y@ <[} [ Ip0Nedr e s,

and

WO =@ < [ [P0l dr s

Using condition (9), we get

w(® < [ [ PN dr ds < maxy = v(®).
€ Js [0,4]
which is a contradiction.
Case 2: v(0) =v(T) <0.

Let 1, e [0, T] with

v(ty) = Sg[})i’r;] V() <0 and Vi(t) =0.

Ifz, € (0, T), thenv'(z)) =0 and if £, =0 or ¢, = T, then v(0) = wW(T) = v(z,) and v'(T) 2

v(0) 202 /(D) therefore v(0) = v/(T) = 0. Let & & (0, T) with V(&) =[0axv>0. y¢

€ <t,, we repeat the procedure of the first case and we reach a contradiction. If 7, <&,

let p = _\/ﬁ and v(t) = e” y(¢). Then, we obtain
(e*'y'(1) <[p(]) e”, a.e.t € [0, T].

Integrating this inequality from 7, to s (s € (z,, £]), we obtain

V() <EY(5) =y (1) <[ [P dt, for s e [1,, €],
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where

Y'(ty) = (—pe”?y(ty))e ™ = —py(t,) <0,

so that

y'(s) < J;; [p(D()e” dt e 2P, for s e [z, E].

We integrate from 7, to &,

V(&) <y(&)-y(t) < jj J, PN @™ >Vt ds,

and, using condition (10), we obtain

&) =y < [ [ [P0 ™S> dr ds < maxv = v(©).
R} [0,T]

reaching again a contradiction.
Corollary 2: Consider the particular case of
[p(M)1(2) = Nv(6(2)),

where N>0,and 0 : I — I, 06(¢) <t, for a.e. t € I and p satisfies (7). If v e W*'(I) is
a solution of (2), where M >0, L <0,6 >0 a.e. on I and

2
2—N sinh T\/M <1

thenv>0on L
Proof: It is evident that condition (8) is valid. Let a < b € I and w € C(I) with

maxw =0,
(0. 5] then

[ ’ [ " Nw(0()e M 29 gy g

b ob
< N(maijj I M +a=29) gy
[0, b] a S
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IA

and, 1

jj.b(em(bm_m _ema—w) ds

——| Mmaxw
[0, 5]

' TTodm Im

N (maxw] e\/ﬁ(ma—zb) e\/ﬁ(a—b) eM(b+a—2a) 1
M NI

ﬁ(max Wj _—lem“ﬂ” 4 VMab) | leJﬁ(b—a) 1
M [0, b] 2 2
ﬁ(max wj lem(‘l‘b) +lem(b—a) _1
M\ 0,5] 2 2
i(max wj (em(“‘l” + e\/ﬁ(b—a) _ 2)
2M \ 10,b]
2
2N( j . ~M(b-a)
— | maxw || sinh———=
M \ [0,b] 2

2
ON( . TIM
Y2 sth max w | < max w(s),

[0,b] s€[0, b]

£ maxw 0,
[0,T]

[ ’ [ Nw(oye M2y s

IA

b
L(max wjj. (_e—\/ﬁ(b—‘v) + e—x/ﬁ(mb—zs)) ds
VM \10,T] a
ﬁ(max wj -1+ le—\/ﬁ(a—b) + e—m(b—a) _ le—\/ﬁ(b—a)
M \ [0,T] 2 >

N (max wj l e_\/mb_“) + le_Jﬁ(“_b) -1
M\ [0,7] 2 2
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N (max wj (e_\/mb_“) + eM(b_“) — 2)

2M \ [0,T]
2
ZN( j . ANM(b-a)
= —| maxw || sinh ———
M \ 10,T] 2

IA

[0,T] s€[0,T]

2
ON( . TM
Vi sth maxw | < max w(s).

This result improves Corollary 1 (Corollary 1 [2]), since we allow the identity
on estimate (11), and it is also an extension of Theorems 2.2 and 2.2" in [1], taking
the delay function

_ _[w@, i woy >0,
0(r) = max{w(z),0} = {O, i w(n) <0, tel

instead of r— r <w(r) <t, t € I, since solutions are constant in [-7, 0]. In our formulation,
it is not required that the delay satisfies t — r < w(r), t € 1. Note that condition (7)
trivially holds if O is continuous. Next, we give an extension of Theorem 5 in [2].

Corollary 3 Suppose that p is such that hypotheses (3) and (4) hold. If v €
WD) is a solution of (2), with M >0, L <0, 6> 0 a.e. on I, and (11) holds, then
v>0onl

Proof: It is obvious the validity of condition (8). Indeed, if w € C(I), w<0on I,
then

[p(W)](?) < esssupyg [ p(W)] < Nr[%ag( w<0, forae. rel

Also, fora<b e I, andae. ! €[aD1[p(W)(1) < NI[%%‘ W and, following a procedure
similar to the one in the previous corollary, we obtain that (9) and (10) are true.
Remark 1: In fact, Corollary 2 is a particular case of Corollary 3, since
0(r)<t, ae.tel
implies that

ess sup, o ;) Nw(B(1)) < NI[TOlE?]( W, forallt e I, w € C(I).
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Compare Corollary 3 with Theorem 1.1 (Theorem 5 [2]).
Now, we present a first result for the case of integral type dependence.

Corollary 4 Suppose that p verifies (7) and there exists N > 0 with

[p(W)](®) < Nj(: w(r)dr, fora.e. t € I.

If v € W2X(I) is a solution of (2), where M > 0, A, <0, 6 >0 a.e. on I, and the
following estimate holds

sin , (12)

2
ONT .hTW <
M 2

thenv>0on 1.

Proof: It is easy to check that, for w € C({) with w <0 on [,

[P <N [ w(r)dr <0, forae.r € 1.

Now, leta<b e Iand w e C(I) with 3> 20,

.[ab I:)[p(w)](l)em(”a-%)dt s

< N.[: Jf I(; w(r)dr M +a29 41 4

b b
NJ I (maxw)rdr M (+a=29) gy g
ads \ [0,b] 0

IN

b ¢b
N(max w)-[ I tem(”“—zs)dt ds
[O’b] avs

IA

b eb
NT(maij .[ I M (1+a=29) gy 1
[07b] ads

M \ 10,p]

2NT( j{ \/M(b—a)J2
—— | maxw sth
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2

2NT| . TNM

< —Lsmh—} (maijﬁ max w(s).
[0,b] s€[0,b]

Fora<b e Iand w € C(I) with {g%wZO,

J[ [ tpomme M2 as

IA

NJj J: I(; w(r)dr e M +5-25) gy 1

IN

N J : Lj (max W)I; dr e M @b29) 4y ¢

[0.7]

b s
N (maxw) J I te M +0-25) gy 1

[0.1]

IN

NT (max w) J ’ I e IM 29 gy

[0.7]

M \10,T]

2NT( j{ \/M(b—a)J2
—— | maxw sth

IN

2

2NT| . . TNM

——| sinh——— | | maxw | < max w(s).
M 2 [0,T] 5€[0,T]

We can find a weaker estimation on the constants.

Corollary 5: In Corollary 4, we can replace condition (12) by the following
estimate

%[T cosh(T/M) —ﬁsinh(ﬂﬁ )) <1 (13)

and the conclusion is still valid.
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Proof: Leta<b e Iand w € C(I) with 731" = 20, then following the proof of

Corollary 4, we obtain that

_[b Ib[P(W)](t)em(’ T2 dr ds <N (max W)J‘bj‘btem(”a_zs)dt ds.

[0,p]

Now, using integration by parts,

b
J‘ lem(ﬁ—a—Zs)dt:
)

= l‘

\/—(H—a 25) \/_(H—a 25)
—dt

_ b e\/ﬁ(b+a—2s)_ S em(a—s) 1 x/—(b+a 2€)+ J—(a 5)
NM M M

v = \/_(b+a 2v) 1 s \/—(a 9)
J— M M M
and, thus,

b eb [
J. I te M(t+a_2S)dt dS —
avs

i

B [ b —ij em(b+a—2b)_eJM<b+a—2a) J{i_ s Jex/ﬁ(a_s) T

- S

JM M 2IM M M) M

P
o
B (L—Lj e\/ﬁ(b—a)_eM(a—b) ( 1 b je\/ﬁ(a—b)
2\M M

M M

+

JM M
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1 (1 a 1 \/ﬁ(a—b)_l
+\/M[M mj*w&“ )

b _ b _ 1 _
_ e\/ﬁ(b ay e\/ﬁ(a b) e\/ﬁ(b a)

oM oM oMM

L b My b s _ @
oMM M M

B ﬂ em(b—a) + e-mb_a) R eM<b—a) _ e—ﬂ(b—a) a
M 2 MM 2 M

L

N

We give an upper bound for the expression

i {b cosh(v/M (b — a)) - ——sinh(~/M (b — a)) - a}.

1
NI

forO<a<b<T.Takes=b-a < (0, T], (b=a+s), and define

bcosh(v'M (b — a)) ——=—sinh(~M (b—a)) - a,

1
N

fors € (0, T)and 0 <a=>b -5 <T-s. We take a fixed s and differentiate ¢ with
respect to the variable a, obtaining

0(a, s) = (a + s) cosh(v'M s) ———sinh(v'Ms) — a,

cosh(x/Ms)—1>0, if s > 0,

so that ¢ is nondecreasing in a for 2 fixed s € (0, T]. Then, for s € (0, T] fixed, the
maximum is attainedata=7—s:

1

T sinh(+'Ms) — (T —s)

0(a, s) < (T — s +5) cosh(vMys) —

L

M

= Tcosh(\/ﬁs) - sinh(ms) —(T—-s)=0(s),s€(0,T].
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Function ¢ is a nondecreasing function in [0, 7], then

®(a,s) < @(T) =T cosh(T~/M) —ﬁsinh(Tm),

and, by estimate (13),

[ tpomi@e ™2t as

N |
< (%jab)]iw)ﬁ(Tcosh(T\/M)—Wsmh(T\/ﬁ)j

< (max w).
[0,0]
This provides the validity of (9).

Fora<b € I and w € C(I) with I[IolaT)]‘W 20, we obtain

J.br [P(W)](t)e_m(”b_zs)dt ds <N (max wj-[b J‘Xt VM b2 gy 1o

[0,7]

An analogous calculus leads to

j te M (t+b- 2s)dt

e—\/ﬁ(ﬁ—b—h) s ; e—\/ﬁ(mb—zs)
| e

- e—\/ﬁ(b—s) n a e—\/ﬁ(a+b—2s)_i e—\/ﬁ(b

N N M

€)+

+

M (- 9 4 a \/—(a+b 2;)
JM M

[l

and, therefore,

—J— M (a+b=2s)
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j ’ '[ e M b-29) gy g

ava

b —S 1 M (b-s) a 1 —JM (a+b-2s)
— - —_—— d
.[a {\/ﬁ Mje +[W+Mj€ s

—[_L_LJ‘?_M(ZH) b_ p oM (b=s) [_ 1 stJr
M) | e

e—\/ﬁ (a+b-2b) _ e—\/ﬁ(a+b—2a)

+(ﬁ+ﬁ 20M

L;_(—_a_ijﬂ+
M)m \I\mM M) Im

+

M (b-a) a 1 j L _IMab) M-
l-e + +— e —e
M (3 )

-b  a _ _ a _
_o. e M (b a) emu, a)

M 2M oM
n _ oM (b-a) 1 oM (b-a)
oMM MM

b a em(b—a) n e—\/ﬁ(b—a) . 1 eM<b—a)_e_m<b_a)
MM 2 MM 2

N

To give an upper bound for

=${a cosh(N'M (b —a)) L sinh(v'M (b — a)) —b}.

a cosh(x/M (b—a)) + L sinh(\M (b —a)) b,
JM
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forO<a<b<T, wechooses=b-a e (0, T], (b=a+s), and define
L
M

where s € (0, T],0 <a=b—- s <T-s. Fixing s € (0, T] and differentiating ® with
respect to the variable a, we get

D(a,s)=—(a+s)+a cosh(\/ﬁs) + sinh(\/ﬁs),

_1+cosh(~Ms) >0, if >0,

which implies that @ is nondecreasing in a for s € (0, T] fixed, thus the maximum is
attainedata=T-5:

1

T sinh(+/M s)

D(a,s) < —(T —s+5)+(T — ) cosh(~/Ms) +
1

T sinh(v/Ms) = U(s), s € (0, T].

= —T +(T —s)cosh(~'Ms) +

1 is nondecreasing in [0, 7], then
@ (a,s) <P (1)
L

T sinh(T</M)

= T +(T —T)cosh(T~/M) +

. sinh(TVM),

N

but

L

T sinh(TVM).

T L sinh(TV'M) < T cosh(T</M) -

N

In consequence, using (13), we get

[ tpomime 204t as

N |
< (1{32})}( w)ﬁ (T cosh(T\/M) — W s1nh(Tx/M)]
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< | maxw |,
[0,T]

and (10) holds. The conclusion follows from Theorem 2.1.

Now, we present a comparison result in an appropriate may to develop the
monotone method. Its proof can be obtained following the proof of Theorem 2.1.
The symbol 0 also represents the constant function 0(r) =0, t € 1.

Theorem 2.2 Let v € W>'(I), M > 0, and p be such that

—V"(t)+ Mv(t) +[ p(max{v,0})](¢) >0, ae. tel,

V(O) = V(T)’ (14)
VI(0) <V(T),
where (7) holds,
p(0)<0a.e onl, (15)

foralla<b € I and w € C(I), we have

.[b Ib[p(max{w,O})](t) M +a=29) gy g6 < max w(s), if maxw>0,  (16)

sel0,b] [0,b]
and
bes M (1+b-25) .
.[ I [p(max{w,0})](¢) e dt ds < max w(s), if maxw>0. (17)
ada s€[0,T] [0,T]
Thenv=>=0onl.
Corollary 6: Let M >0,N>0,and 0 : I — 1, 0(t) <t, a.e. t € I, such that the map
p given by

[P(W)]1(@) = Nw(B()), € 1,
verifies (7). If v .e W*'(I) is such that

—v"(t) + Mv(t) + N max{v(6(¢)),0} >0, ae. tel,
v(0) =w(T),
VI(0) <V(T),

and estimate (11) holds, then v=0on I.
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Proof: Condition (15) is trivially valid. Leta< b € I and w € C(I) with r[roli’]( w>0
Taking into account that 6(¢) <1, a.e. t € I, we get, for € [a, D],
[p(max{w, 0})](z) = N max{w(8(z)), 0}
Nw(6()), if w(b()) =0,
= < Nmaxw.
0, if w(6(r))<0 [0.6]

So that we can conclude that conditions (16) and (17) hold and, therefore, Theorem
2.2 implies that v > 0 on L.

Corollary 7: Suppose that M > 0 and p are such that (3), (4) and (11) hold.
If v.e W>\(I) verifies (14), then v>0 on I.

Proof: Condition (15) holds, since
[p(0)](2) < esssupyy 4[p(0)] < Nr[%eg(O =0, forae.rel.

To show that (16) and (17) hold, we only have to use estimate (11) and the fact

that, for a <b € I and w € C(I) with r[rolaz)](w >0,

[p(max{w, 0})](z) <ess sup,,,, [p(max{w, 0})]

< Nmax(max{w,0}) < N maxw,
04] ( {w,0}) (0] ae.t € la,b].

Corollary 8: Suppose that M > 0 and p is such that there exists N > 0 with
[p(W)](?) < Nj;w(r)dr, ae.tel,

and that (7) and (13) hold. If v € W*'(I) verifies conditions in (14), thenv >0 on I.
Proof: Hypothesis (15) is valid, since

(PO N[ 0dr=0, forae.rel.

Using the estimate on the constants and that, for a < b € I, w € C(I) with

maxw >0

[05] > and a.e. f € [a, b],

[p (max{w,0})](¥) < N.[t max{w(r),0}dr < N max wJ.t dr = Nt maxw,
0 [0,p] J0 [0,b]
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we prove the validity of (16) and (17).

According to the ideas in Theorem 2.2 [3], we can prove the following comparison
result.

Theorem 2.3: Let v € C*(I), M > 0, and p : C(I) — C(I) be such that

—V"(t)+Mv(@t)+[p(W](#) 20, tel,
v(0) =v(T),

(18)
v/(0) <V(T),
with
pw)<0onl, ifwe Cl),w<0onl, (19)
and suppose that there exists N > 0 such that,
[p(W)](¥) £ N max w(s),tel, forallweC(I)with maxw >0, (20)
s€[0,T] [0,T]
where
2
M 4 T @D
Thenv>0on L

Proof: We distinguish two cases:

Case 1: If I[E%W <0, then v <0 on[and

V'(t) < Mv(t) + [p(v)](¥) £0, for t € I,

thus, V' is nonincreasing. Since v'(0) <v'(T), then V' is a constant function. This fact
joint to v(0) = v(T) implies that v(¢) = k <0, but then

0 <Mk + [p(k)](?) < Mk,

sothat k>0 andv=0on I

Case 2: Suppose that %%‘" >0. et 2(f) =—v(f), t € I, and take § e [0, T] with

Z(€) = min z = min(—v) = —maxv < 0.
[0.T] [0,T] [0.T]
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Then, we obtain

7"'(t) — Mz(t) — Nz(&) = —v"(t) + Mv(t) — Nz(€)

=—V"(t)+ Mv(t)+ N max > —V'(O)+Mv®)+[p()](®) 20, tel.

2(0) = —v(0) =—w(T) = «(T), 2 (0) =—v'(0) = —V'(T) = Z'(T).

Following the procedure in Theorem 2.2 [3], we can deduce that z <0 on / and
thus v>0on /1.

Remark 2: This result improves Theorem 2.2 [3], which is restricted to the case
[pWMI1(®) =Nv(6(1)),0: 11

It is important to remark that condition (20) is different from

[pW]() <N n[lSI)T(] w(s), tel, forall weC(I),

and therefore it is valid even for the integral case.

Corollary 9: Let v € C*(I), M >0, N >0 and 0 : I — I continuous be such that

—"(t) + Mv(t) + Nv(6(1)) >0, 1€,
v(0) =w(T),
VI(0) < V(T),

and (21) holds. Thenv >0 on 1.
Proof: If w € C(I), w<0on I,
[pP(W)](2) = Nw(8(2)) <O on I,

and for all w € C() with [0 >0,

[p(W](@) = Nw(0(®)) < N max w(s).

This last result extends Theorem 2.2 in [3].

Corollary 10: Let v € C*(I), M >0, and p : C(I) — C(I) such that (18) holds and
suppose that there exists N > 0 with

[pW)](t) < Nmaxw, tel, weC(),
[0,¢]
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where (21) is valid. Thenv >0 on I.
Proof: For w € C(I), w<0on I,

[p(W)]() < ng%aiiw <0,tel,
N

and, for all w € C() with 02" >0,

[p(W)]() £ N max w(s) <N max w(s), tel.
s€[0,¢] s€[0,T]

Corollary 11: Let v € C*(I), M > 0, and p : C(I) - C(I) be such that (18) is
verified and assume that there exists N > 0 with

[pP(W)](r) < NJ’(Z w(s)ds, tel, weC(),

where

sinh

2
OINT( . TM
<1 (22)
M 4
holds. Thenv >0 on 1.
Proof: Let w € C(I), w <0 on I, then

(PO < N[ w(s) ds <0, 1el,

and, if w € C(I) with %%‘W >0, we get

[p(W)]() < N.[t w(s)ds < Nt max w(s) <N T max w(s).
0 s€[0,T] 5€[0,T]

Note that NT plays the role of the constant N in Theorem 2.3.
Remark 3: Estimate (22) is weaker than condition (13).

Using these results, we extend the type of functional dependence (it is allowed
the case of equations with advanced arguments) and the estimates on the constants
improve previous conditions in the case of v € C*(I). Extension to functions in W*!(I)
is obtained following the lines in [3]. In comparison with Theorem 2.2 in [3], Theorem
2.2 has the advantage of dealing with more general functional dependence including
maximum and integral type dependence.
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The appropriate formulation of the comparison result for application to the
development of upper and lower solutions method and monotone iterative technique
is the following. Here, O also denotes the constant function 0(¢) =0, ¢ € I.

Theorem 2.4 Let v € C*(I), M > 0, and p : C(I) = C(I) such that

—V"(t) + Mv(t) + [ p(max{v, 0})](¢) >0, tel,

V(O) = V(T)’ (23)
v/(0) <V(T),
p(0)<0onl, (24)
and suppose that there exists N > 0 such that, for all w € C(I) with r[f)l%( w>0,
[p(max{w, 0})](¥) < N max w(s), tel, 25
s€[0,T] ( )

where (21) is valid. Thenv >0 on I.

Proof: If %“}’]‘ V<0, theny<0on I, and

V'(t) < Mv(t) + [p(max{v, 0})]() = Mv(t) + [p(0)](?) <0, for t € I,

thus, v' is nonincreasing, but v'(0) <v'(T) implies that V' is a constant function. Since
v(0) = w(T), then v(f) = k<0, but

0 <Mk + [p(0)](?) < Mk,
which implies that k>0 and v=0on I.

If I[EfaT)]w >0, take z() = —w(1), 1 € I and & e [0, T] with

z(€) = min z = min(—v) = —maxv <0,
[0.T] [0,T] [0.T]

then we obtain
7"(t) — Mz(t) — Nz(&) = — V" (1) + Mv(?) + [p(max{v, 0})](#) 20, ¢ € .
The proof is concluded similarly to Theorem 2.3.

Corollary 12: Let v € C*(I), M > 0, N >0, and 0 : I — I continuous such that



88 Juan J. Nieto & Rosana Rodriguez-Lépez

—V"'(t) + Mv(t) + N max{v(0(¢)),0} >0, r €1,
v(0) =w(T),
v/(0) <VI(T),

and (21) holds. Thenv >0 on 1.
Proof: Defining [p(w)](¢) = Nw(6(¢)), t € I, we check that

[p(O)](H)=0,1 €,
and if w € C(J) with Maxw > 0,

[p(max{w, 0)](#) = N max{w(6(1)), 0}

_ {N wOW). OO0\
0, if w(O(2))<0 s€[0,T]

Corollary 13 Let v € C*(I), M > 0, and p : C(I) — C(I) such that there exists
N > 0 with

[pW)](t) < Nmaxw, tel, weC(),
[0,¢]

and suppose that (23) and (21) hold. Then v >0 on I.
Proof: We check conditions (24) and (25),

[p(O)](1) < Nr{(l)aﬁw =0, tel,
N

and, for all w € C(I) with 02" >0,

[p(max{w, OD]() <N m[gx](max{w, OHs) <N n?SDT(] w(s), tel.

Corollary 14 Let v € C¥(I), M >0, and p : C(I) — C(I) such that there exists N >
0 with

[p(w)](6) <N j; w(s)ds, tel, weC(),

where (23) and (22) hold. Thenv >0 on 1.
Proof: It is easy to show that conditions (24) and (25) are valid. Indeed,
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(PO N[ 0(s)ds =0, t€],

and, if w € C(I) verifies that r[%u;)](w >0, then

[ p(max{w, 0)]() <N j; max {w, 0}(s)ds

< (max w(s))[ ds < NT max w(s), tel.
s€[0,T] s€[0,T]

3. QUASI-LINEAR PROBLEM

Consider the following periodic boundary value problem for a second-order quasi-
linear differential equation

—V"(t)+ Mv(t)+[p()](t) =o(?), ae. tel,
v(0) =w(T),
v(0) =v(T),

(26)

where M > 0, p satisfies (7), and o € L'(]).
By a solution of (26) we mean a function u € W>!() satisfying conditions in (26).

Problem (3.2) in [1],

—V"(1) + Mv(1)+ Nv(w(t)) = o(1), 1 €1,
v(0) = v(T),v'(0) =v/(T),
v(t) =v(0),t €[-r, 0],

wherew e CU, [-7r, T]),r>0,t—r<w(t) <t, Vt € I, can be written in terms of
problem (26), taking [p(v)](#) = Nv(6(?)), t € I, for

w(), if w)=0,

0(r) = max{w(z),0} = {0 i () <0

Definition 1: A function a. € W*(I) is said to be a lower solution to problem
(26) if it satisfies
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—o"(t)+ Mou(t) +[ p(a)](t) < o(t), ae. tel,
a(0) = (1),
a/(0) > a/(T).
Analogously, B € W>'(I) is an upper solution for (26) if it satisfies the reversed
inequalities.
Ify,y, € L'(I), we say thaty <y, a.e. on [, if
y,(0) <y, (0, forae. t el
Fory,y, € L'(l) withy <y a.e.on I, we denote
py,)={ueLl():y <u<y ae.onl}.

Next, we define a truncation operator that is useful to prove that problem (26)
has a unique solution between a lower and an upper solutions.

Given a, B € L'(I), with a. < B a.e. on I, we define g : L'(I) — L'(I) by

(), if v(t) <ou?),
[g(")](#) = max {a(r), min {v(1),BO)}} = v(@®), if alt) <v(E) <P(),
B(@®), if v()>P@),
forve L'(l)andt € I.

Theorem 3.1: If there exist a., B € W*'(I), respectively, lower and upper solutions
to (26) such that . <P a.e. on I, and p satisfies (7), conditions (15)-(17) in Theorem
2.2, and

p:{weCl):a<w<B} < CU)—> L) is continuous, (27)
p({w € C() : < w < B}) is bounded in L'(I), that is, there exists
T € L'(I) such that |[pw](®)| <t (1), Yw € C(), w € [a, B], (28)

p(max{w —a, 0}) > p(g(w)) — p(a), a.e. on I, forw € C(I), (29)
p(max{p —w, 0}) = p(B) — p(g(w)), a.e. on I, for w € C(I), (30)
p(max{f—g,0}) 2 p(f) —p(g), a.e. on I, for f, g € C(), f, g € [, BI, (31)

then problem (26) has a unique solution in [, B].

Proof: Consider the problem
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—V"(t)+ Mv(t) =o(t) - [ p(g(v)](t), ae. tel,
v(0) =w(T),
VvI(0) =v(T),

(32)

where ¢ has been defined above and is continuous. Note that, since a, 3 are continuous,
q(w) € C(I), Vw € [a, B], w continuous. Now, define the operator

T:CUI) — CU)
w— T(w),
[TO0)10) = || Gt ){0(s)~[plawI(s)} ds, forte 1,

where

{ e\/ﬁ(z—s) + e\/ﬁ(T—zH), 0<s<t<T,
G(1,s) =

2M (@M _1)

Note that 6 — [p(g(w))] € L'(I), for all w € C(I). T'is a continuous and completely
continuous operator. Hence, by Schauder’s Fixed Point Theorem, we obtain the
existence of a fixed point for 7, that is, problem (32) has a solution y € W*!(I).
Indeed, let u € C(I), then

|7w — Tu|

M) M T=s4) < p a2,

=Ssup
tel

[, G.9)(6(s)~[plq(w)(s)) ds ~ [ G(t.){o(s) ~[ plg@)](s)} ds

=Ssup
tel

[, G p(g@)Is)~[p(aOw))](s)} ds

<sup 1G9 [[p(gu)I(s)~[plgw))](s) | ds

tel

<ysup [ [[p(q()I()~Lp(g(w))(s) | ds.

tel

where |G(t, 5)| <7, V(t, 5). Let € > 0. Using hypothesis (27), and the fact that g(u),
q(w) € [a, B] are continuous, then there exists & > 0 such that if ||g(u) — g(w)|| < &

. . T . .
implies .[o | p(q(u)) — p(g(w)) | dt < €. But ||u — w|| < & implies ||q(u) — g(w)|| < ||u -

w|| < 8, and .[OT| p(q(u)) — p(q(w)) | dt < €. This shows that T is continuous.
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Now, let B < C(I) be a bounded set (||u|| < k, for all u € B), T(B) € C(I).
Then

| Tull= sup| [, Gez.){o(s) ~[plgw)I(s))} ds

tel

T
<sup [ |G(t.5) || o(s) ~Lp(q(w)](s) | ds

tel

T
<ysup [ [o(s)~[p(g(w)](s) | ds

tel

tel

T T
< v(sup J, 1o [ds+ [ [pam)(s) |dsj <v(loll + 1 plgow) ) < v.

Moreover, for u € B, Tu € C(I) and (Tu)' exists and is continuous on /. It is not
dificult to prove that |(Tu)'(¢)| < x, for every u € B, with k independent of u. Then
T(B) is bounded and equicontinuous, therefore it is relatively compact and 7T is
compact.

Theorem 2.2 allows to show that oo <y < 3 a.e. on [ and, in consequence, y is a
solution to (26). To check this fact, set m =y — a € W>!(I). By (29), we obtain, for
aetel,

-m"(t) + Mm(t) + [p(max{m, 0})](?)
==y"(t) + o" (1) + My(1) - Mo(?) + [p(max{y — o, 0})](7)
2 o(1) = [p(gyN1(®) — (1) + [p(a)](®) + [p(max{y — o, OH1(?)
= [p(max{y —a, 01 - [p(gyN1(®) + [p(a)](r) 2 0,
and
m(0) = y(0) — a(0) = ¥(T) — a(T) = m(T),
m'(0) = y'(0) - o'(0) < y'(T) — o' (T) = m'(T).

Since conditions in Theorem 2.2 are valid, we obtain m =y — a > 0 on I, that is,
y=oonl.

A similar reasoning and condition (30) provide that y <3 a.e. on /, since u = § —
y € W*I(I) verifies that
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—u"(t) + Mu(t) + [p(max{u, 0})](r) 20, fora.e. t € I,
u(0) =u(T), u'(0) <u'(T).

The uniqueness of solution to (26) in [a, B] follows from the application of
Theorem 2.2 to the functions v, =y, —y,, v, =y,—y, € W>'(I), where y,, y, € [a, B]
are solutions to (26). Condition (31) provides that v and v, are under the hypotheses
of the comparison result Theorem 2.2:

—v, (£) + My, (t) +[ p(max {v,,0)](?)

= —y, (1) + My, (1) + 5 (1) — My, (1) +[ p(max{y, — y,,0)](1)
= o(t) - [p(y)1() — o) + [p(y,))(2) + [p(max{y, - y,, O)](r) >0, fora.e. 1 € I,
v,(0)=y,(0)-y,(0) =y (1) - y,(T)=v (D),

1(0) = ¥,(0) = y5(0) = y,(T) = yo (T) = v, (T)

and
—vy (1) + Mv, () +[ p(max {v,,01)](¢)

=~y (1) + My, (1) + y, (1) — My, (£) +[ p(max{y, — y;,0))1(1)
= o(t) - [p(y,)1(®) — o) + [p(y)1(2) + [p(max{y, - y,, ONI(®) >0, forae. 1 € I,
v,(0) =,(0) = y,(0) = y,(T) — y,(T) = v(T),

15(0) = y,(0) = ¥, (0) = y5 (T) =y, (T) = vy (T)-
By Theorem 2.2,y =y, on [.

Remark 4: Theorem 3.1 extends Theorem 3.2 in [1], because of the sharper
estimate on the constants and the type of problems considered. Indeed, they are not
restricted to functional dependence given by a delay function. The importance of
this result lies in the fact that we obtain existence and uniqueness of solution for
nonlinear (quasi-linear) problems given by functional operators not necessarily
Lipschitzian, so that we can consider functionals p different from maximum, integral
or delay type.

Theorem 3.2: The conclusion of last theorem, Theorem 3.1, is valid if we replace
hypotheses (15) - (17) of Theorem 2.2, by conditions (24), (25) and (21) in Theorem
2.4.
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Lemma 1: The following assertions are true:
max{w—a, 0} > g(w) —aon I, forw € C(I),
and
max{p -w, 0} > B —g(w) on I, forw € C(I).
Proof: If w e C(I) and ¢ € I,

maxw— . 0)(1) = {0’ i<l
w(t) —out), if w(t)>out)

] {oc(t)—Ot(f)a Fwtysa®. _ oo,

e - o), if wt) > a(t)
The second assertion follows similarly.
Theorem 3.3: Conditions (29)—(31) hold if

p is nondecreasing,
and

p(f-8) 2p(f) —p(g), a.e. onl forf, g € C(), f, g € la, BI.
Proof: Let w € C(I), then we can prove that
p(max{w —a, 0}) 2 p(qg(w) — @) = p(g(w)) — p(a) a.e. on [,
p(max{p —w, 0}) 2 p(B - g(w)) 2 p(B) - p(q(w)) a.e. on I,
and, for f, g € C(I), f, g € [a, B,

p(max{f-g,0})=p(f-g) =p(f) —p(g) ae.onl

Corollary 15: Suppose that a. < 3 € W*'(I) are, respectively, lower and upper
solutions to

V") + Mv(t)+ Nv(0(?)) =o(t), ae.tel,
v(0) =w(T),
v'(0) =v(T),

(33)

where M >0, N>0,c € L'(I),0:1—>1,0(r) <t, a.e. t € I, the functional p defined
by [p(W)](t) = Nw(0(¢)), t € I, verifies (7), and estimate (11) holds.Then, there exists
exactly one solution to (33) in [a, B]. We can avoid hypothesis 0(t) <t a.e. on I, even
replacing (11) by (21).
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Proof: The hypotheses of Theorem 3.1 (resp., 3.2) hold, since (27), (28) are
true:

[/ 13w(0@) — Nwy (01)) | dr < N [ [|w=vwy [|dr = NT [[w=vw, ||,

.[OT| Nw(8(2)) | dt < NKT, for w continuous, w € [a, B],

p is nondecreasing and, for f, g € C(I), f, g € [a, B], and a.e. t € I,
[p(f - &)1(1) = NfB(2)) — Ng(6(5)) = [p(N]1(®) - [p()](D).

Corollary 16: If o < € W>!(I) are, respectively, lower and upper solutions to

—V"(t)+ Mv(t)+ Nmaxv=0o(t), ae.tel,
[0,¢]

v(0) =v(T),

4
v'(0) =v/(T), (34

where M >0, N >0, o € L'(I), and estimate (21) holds, then there exists exactly one
solution to (34) in [a, B].

Proof: The operator p given by [P(WI(0) =N Tax ™ is nondecreasing and, for f,
geCl,ae.tel,
[p(f-@I)=N r[r(l)a}?(f -82N (r%%a}? - max g} =[p(N®)~[p(OI®).

Moreover, if w € C(I), [pw](t) = N max, w is continuous on I, then pw €
L(D),

max w—max w, | dt

[0,¢] [0,7]

[ Itpwl© ~Lpwy 1| de = N[
0 0 0

T
SN.[ max | w(s) —wqy(s) | ds < NT |[|w—w, ||,
0 [0.4]
and p is continuous in {w € C(I) : o <w < B},

[ 1tpwi@ di=N] dr < N[ di = NKT
0 0 - 0 ’

max w(s)
[0,7]
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forw e C(I), w € [a, B], and p({w € C(I) : o« <w < B}) is bounded in L'([).

Corollary 17 If o < B € W*!(I) are, respectively, lower and upper solutions to
problem

V") + Mv(t) + NL; v(s)ds =o(t), ae.tel,

v(0) =w(T),

v'(0)=v(T), (35)

where M >0, N >0, o € L'(I), and estimate (22) holds, then there exists exactly one
solution to (35) in [a, B].

Proof: We check that p given by [p(w)](#) =N I; w(s)ds is nondecreasing and
forevery f, g € C(I), a.e. t € I,

[p(f -0 =N, (f - &)(s)ds
= N[ f(s)ds=N] g(s)ds =[p(£IO ~[p(@)](0).
Note that for w € C(I), pw € C(I), then pw € L'(I) and (7) holds.

[ 11pwl) [ publ(o) | di = Nﬂ [ wis)ds— [ wo(s)ds|dr
0 oo 0o 0

T et T T2
SNIO j0|w(s>—w0(s)|ds dtszvjo tdt [l w=wq [| =N =l w=w, |

and, forw € C(I), w € [a, B],

! dr=N[ |['wsyas|lar< N[ [’ ds di < Nk L
'[0|[pw](t)| t—NJ.O Uow(s) s l_N.[o .[0|w(s)| s dt < N -

and (27), (28) hold.

4. MONOTONE METHOD

Now we give a result on the existence of extremal solutions for a general second-
order functional differential equation with periodic boundary value conditions in
presence of a couple of well-ordered lower and upper solutions. Consider
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=V'(t) = ft.v(®),[pWM]®)), ae.tel,
v(0)=w(T),
VI(0)=V/(T),

(36)

where I =[0, T], T > 0, p satisfies (7), and f: [0, T] x R? - R.

Definition 2: A function a. € W*'(I) is said to be a lower solution to (36) if

—a(t) < f(t,0(0),[ p(a)](2)), ae.tel,
a(0) = a(T),
a/(0) > a/(T),

(37)

An upper solution B € W*(I) is defined similarly, reversing the inequalities
above.

Definition 3: We say that f: I x R x R — R is a L'-Carath éodory function if (-,
X, y) is Lebesgue-measurable on I, for all (x, y) € R?, (¢, u, v) continuous in (i, v) €
R?, for a.e. t € I and for all R > 0, there exists ¢ € L'(I) with

ft, u(®), v(i)| < (1), fora.e. t € 1, u, v € L'(D) with |[ul| , V]|, < R.

Theorem 4.1: Suppose that o, B € W*'(I) are, respectively, lower and upper
solutions for (36) with o. < B a.e. on I, fis a L'-Carath éodory function and there
exists M > 0 such that

S, x(0), [p(0)](@®) = Az, y(©), [p(N](?))
2 — M(x(1) - y(1)) = ([p(0)](@) - [P(M]1(®)),
forae. t el,x,y € L'(I), suchthat a. <y <x <P a.e. onl, (38)

where p satisfies (7), (15)—(17) (or (24), (25) and (21) instead) and (27)-(31).
Moreover, assume that if {f } is a sequence of continuous functions which is monotone,
a<f <B,Vnand {f } — fat every point of I, then [pf 1(t) = [pf1(2), for almost every
point t € [0, T].

Then there exist monotone sequences {a }, {B } with o, = o, B, = B, which
converge monotonically to the extremal solutions of (36) in [a, B].

Remark 5: In the continuous case, the hypothesis about sequences is:

[, = funiformly = p(f ) — p(f) uniformly.

Proof: For each n € [a, ] continuous, we consider problem
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V') + Mv(@) +[p(W]() = 0o, (1), aetel,
v(0) =v(T),

(39)
vi(0) =v(T),

where
o, (0) =fiz, n(®), [p(](®) + Mn (@) + [p(W](@®), 1 € 1
is a function in L'(]), using that f'is L'-Carathéodory and (7),
o, O] <[z, n(®), [P(VIO)| +M @] + [[p(DID)] < 6(1) +M @[ + |[p(DID)], 7 € L.

Since N € [a, B], using the hypothesis on fand the definition of lower and upper
solutions, we obtain that

—a (1) +Mou?) + [p(a)](7)
<f(t, o), [p(a)](®) + Mol?) + [p(a)](2)
<f@ @, [p(]®) + Mn(@) + [p(M)]@) =0 (1), ae.t €1,
and
=B () + MB(@) + [p(P)1()
2 f (1, B@), [p(BD) + MB@) + [p(B)](®)
2 f (1, n@), [p(]®) + Mn (@) + [p(M)]@) =0 (1), ae.t €,

so that a and [ are, respectively, lower and upper solutions to problem (39). By
Theorem 3.1 (resp., Theorem 3.2), we can affirm the existence of a unique solution
to (39) in [a, B]. This allows to define an operator A : [a, B] — [a, B] which assigns
to each n € [a, B] the unique solution to (39) in [a, B]. This operator A is
nondecreasing: if o <m, <, < a.e. on [, using (31) and (38), we achieve that m =
An, —An, verifies the hypotheses of Theorem 2.2 (resp., Theorem 2.4):

—m"(t) + Mm(t) + [p(max{m, 0})](z)
=—(An,)" () + MAn,(t) + (An,)"(1) - MAn () + plmax{An - An , 0}1()
=f (2, n,(0), [pP(M Y1) + Mn, (1) + [p()](?) - [p(An,)](®)
—f (M, ®, [p(n)I®) - Mn, (1) - [p(n )1(t) + [p(An 1O
+p[max{An,—An,, 0}](t)
2 plmax{An,-An , 0}1(0) - [p(An)I(®) + [p(An)](1) 20, a.e.r € I,
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m(0) = m(T) and m'(0) = m'(T). Applying the corresponding comparison result
(Theorem 2.2 or 2.4), An, <An, on . Then we can define sequences{a. }, {B } by o,
=a,B,=B,a_  =Ac and B  =AB ,forn=>0,sothat {a }is nondecreasing, {B }
is nonincreasing, and

a=o, <o <...<a <B <...<B <P ,=Pae.onl

{a } is pointwise convergent to p. Besides,

a,(t)= L)T G, H){f(s,o,_ (), [po, 1) +Mao,_(s)+[pa,_ 1(s)—[pa,](s)}ds, t €.

For each s fixed, the function

{f (s, 0, (9), [pa,_1(s)) +Ma, _(s) + [par,  1(s) - [po1(s)}

tends to

{f(s, p(s), [ppl(s)) + Mp(s) + [ppl(s) — [ppl(s)} = {f(s, p(s), [ppI(s)) + Mp(s)}
as n — +oo. Moreover,
|G(t, ){f(s, a_(s), [par, 1(s)) +Ma () + [pa. 1(s)—[pa. 1(s)}]
<y (d(s) +MA + 27 (2)).

By the dominated convergence theorem,

p() = [ G (5.p(s). [ ppI(s) + Mp(s)}ds. 1 € .

and p is a solution to (36). We can demonstrate that {o } Tp on / and that {f } d 7
on I, where p, 7 € [a, B] are the extremal solutions of (36) in [a, B], thatis, if uis a
solution to (36) between o and 3, by induction, we show that

o @) <u(®)<B (@aeonlforn=0,1,...
and the continuity of these functions imply p<u < 7 a.e.on [.

Remark 6: This result extends Theorem 3.4 in [1]. Note that in the case where
o, B € C¥(I) and f continuous satisfying the rest of the hypotheses, the convergence
of the sequences {o. }, {B } is uniform on 1. Our formulation is not restricted to the
case where the functional dependence is of the type [p(w)](t) = N w(0(?)), fort € I
and N > 0, as it was considered in [1] and [3]. Compare this result with Theorem
3.2 [3].

Corollary 18: Suppose that there exist o, p € W>!(I), a < a.e. on I, respectively,
lower and upper solutions of
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—"(t) = f(t,v(t), Nv(6(1))), a.e.tel,
v(0) =w(T),
VI(0)=v'(T),

(40)

where f: [0, T] x R? > R is a L'-Carath éodory function, 0 : I — I, N > 0 and the
functional defined by [p(w)](¢) = N w(0(?)), t € I, is such that (7) holds. Moreover,
assume that there exists M > 0 such that
f @, x(®), N x(8(r)) - f (&, y(2),N y(6(2)))
2 —M(x(t) = y(1)) = N(x(6(1)) — y(8())),
foraetel x,yel'),a<y<x<Bae onl, 41)

and that estimate (21) holds. Then there exist monotone sequences {a }, {B } such
that o, = a, B, = B, which converge monotonically to the extremal solutions of (40)

in [a, B].

Remark 7: The expression of problem (40) in terms of problem (1.2) in [1], [3]
leads to a new equation

V") = f(t, v(t),N v(0(1))) = g(t, v(1), v(06(2))), a.e. t € I,
where g(t, x, y) = f(t, x,N y), then condition (41) can be written as
g(t, x(1), x(8(1))) — &(2, y(1), y(6(1)))
2= M(x(1) — y(1)) = N(x(8(2)) — y(6(1))),
forae. tel,x,ye L'(),a<y<x<Pae onl,
and, therefore, it coincides with condition (B,) in Theorem 4.2 [1] and Theorem
3.2 [3].

Corollary 19: Suppose that o, p € W*'(I), o < B a.e. on I are, respectively,
lower and upper solutions for

—V"(t) = f(t, v(t),N m(a)lx v(s)j, ae.tel,

s€[0,¢]
v(0) =w(T),

V(0) = (T), 42)

where f: [0, T] x R* — R is a L'-Carathéodory function, N > 0, there exists M > 0
such that
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f(t,x(t),Nmax x) —f(t, y(t), N max y)
[0,] [0.]

>-M(x(t)—y(t))—N (maxx —max y),
[0.¢] [0.¢]

forae. tel,x,ye L"), <y<x<Pae onl, 43)

and estimate (21) is valid. Then there exist monotone sequences {o. }, {B,}, such
that a,,= a, B, = B, which converge monotonically to the extremal solutions of (42)

in [a, B].

Corollary 20: Suppose that o, p € W*'(I), o < B a.e. on I are, respectively,
lower and upper solutions for

—V"(t) = f(t,v(t),NJ‘; v(s) ds), aetel,

v(0) =v(T),

V'(0) =v'(T), @4

where f: [0, T] x R> — R is a L'-Carath éodory function, N > 0, there exists M > 0
with

f (t,x(t),N.[; x(s)ds) - f(t, y(t),NJ-; y(s)ds)

>—-M(x(t)—y(t))—N (.[; x(s)ds — I(: y(s)ds) ,

forae. tel,x,ye L'I),a<y<x< Bae onl, 45)

and estimate (22) holds. Then there exist monotone sequences {o. }, {B }, such that
a,=a, B, =B, converging monotonically to the extremal solutions of (44) in [a, B].

An analogous study can be made for problem

—V"(t)= f(t,v(),v,),aetel,
v(t)=v(0)=v(T),t €[-r,0],
V(0) =v(T),
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where I=[0,T], T>0,r>0,f:[0, T] x R x C([-r, 0]) > R and

v(s)=v(it+s),se[-r0,rel
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