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ABSTRACT: In this paper, the second order m-point boundary value problem

u'®)+qt)f(t,u)=0,0<r<1,
m—2

ou(0)—Pu'(0) =0, u()— > ku(&,)=0

i=1

is studied, where o >0, B > 0, g is allowed to be singular at =0 and 7 = 1, fis allowed to
change sign. By constructing available operator and using the Leggett-Williams fixed
point theorem, the existence of at least three nontrivial positive solutions is established.
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1. INTRODUCTION

This paper deals with the following second order m-point boundary value problem
u"(t)+q@) f(t,u)=0,0<r<1,

m=2
ou(0)—PBu'(0) =0, u(l) - z ku(g;)=0, (1.1)
i=1
wherem>3,020,20,k>0(@G=1,2,...,m-2),0<§ < <...<f <l,q
€ C((0, 1), [0,40)) is allowed to be singular at r=0and r =1, f € C([0, 1] X [0,+00),
(—o0, +0)) is allowed to change sign.

The multi-point boundary value problems for ordinary differential equations arise
in a variety of areas of applied mathematics and physics. The study of multi-point
boundary value problems for linear second order ordinary differential equations was
initiated by II’in and Moiseev[8]. Since then, attention has been focused on the study
of nonlinear multi-point boundary value problems as can be seen from for example,
[1,5,6,7,10, 12, 13, 14] and their references. Recently, by using the Krasnosel’skii
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fixed point theorem, M [11] showed the existence of at least one positive solution
for the three point boundary value problem

w'(t)+a(t) f(u)=0,0<t<1,
u(0) =0, u(l) = au(n),

where a € C([0, 1], [0, +0)) and f € C([0, +0), [0, +00)) is either superlinear or
sublinear. In [15], the second order m-point boundary value problem

©"(O)+h(1) f(p(1))=0,0<r <1,

m—2
0(0)=0,9(1) =" a,0(&)),

i=l1

was considered under some conditions concerning the first eigenvalue of the relevant
linear operator, where & € C((0, 1), [0,+0)) is allowed to be singularat =0, r =1
and f € C([0,+0), [0,+0)). By using the fixed point index theory , the existence of
positive solutions was obtained. In [4], by constructing two cones, the author obtained
two positive solutions for a three point boundary value problem with sign-changing
nonlinearities

{x"(t) +f(t,x)=0,0<1<1,
x(0)—Bx'(0) =0, x(1) = ax(n),

where B > 0 and f € C([0, 1] x [0,4+0), (—0,+0)) dose not have any singularity.

In this paper, we study BVP (1.1) for the cases where m> 3,0 >0, >0, but o
+ B > 0, g is allowed to be singular at # =0 and ¢ = 1, and fis allowed to change sign.
The existence of at least three nontrivial positive solutions is obtained by using the
Leggett-Williams fixed point theorem.

2. SOME DEFINITIONS AND LEMMAS

Suppose P is a cone in a Banach space E. The map 1 is a nonnegative continuous
concave functional on P provided t : P — [0,400) is continuous and t (fu + (1 —1)v) >
tt(u)+ (-t (v)forallu,v € Pand 0 <t < 1. Let constants a, b and r > 0 be given and
let T be a nonnegative continuous concave functional on P. Define P_and P () by

P={ueP:l|lu|<r},P(b)={uecP:a<t(u),||lul|<b}.
Lemma 2.1. (Leggett-Williams Fixed Point Theorem) Let A :Fc —)E be a

completely continuous operator and T be a nonnegative continuous concave functional
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on P such that © (u) < ||u|| for all u e P. . If there exist real numbers a, b and d with

0 <a<b<d<csuchthat
(C){ueP(d):t(u)>b}#¢,andt (Au) > b foru € P (d);
(C) ||Aul| < a for ||ul| < a;
(C)) T (Au) > b for u € P (c) with ||Au|| > d;
then A has at least three fixed point u , u, and u, such that
[|lu,|| < a,b<r(u,),and||u| >awitht (u,) <b.
The following conditions will be assumed throughout this paper:

(H) f: [0, 1] x [0,+00) — (—00,+00) is continuous and f (¢, 0) > 0(0),
(H) q: (0, 1) — [0,+2), (1) #0 on any subinterval of (0, 1) and J: q(t)dt <+,

m—2

(H)a>0,20,p=B+a>0and A=p= 2 k(B+a)>0.

i=1
Lemma 2.2. Suppose (H)) and (H,) hold. Then the problem
u"(t)+q()=0,0<t<1
m=2
ou(0)—Bu'(0)=0, u(l)— z ku(g;)=0 (2.1)
i=1

has a unique solution

u(t) = [, G(t,)q(s)ds + B(),
where

W) =B +ar, @) =1-1,

l(P(l)ib(S), 0<s<r<l,

G(,s) =

—@()P(1), 0<r<s<l, 2.2)
P
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1 m—2

Bi= 2 k[, &t 2.3)
i=1

Proof. It is easy to see that ¢\ and ¢ are two linearly independent solutions of the
equation 1" = 0, so the solution of the equation u"(¢) + g(¢) = 0 can be expressed by

u(t) = [} Gt.)(s)ds + Byo(t) + Byoa). 2.4)

where B and B, are constants. The fact that when B satisfies (2.3) and B, = 0, u(?)
defined by (2.4) is a solution of (2.1) is easy to check.

On the other hand, we will show that when u(#) defined by (2.4) is a solution of
(2.1), B satisfies (2.3) and B, = 0. Suppose

u(t) = [ G(t.s)(s)ds + Byb() + Byo(r)

is a solution of (2.1), we have
()= [0 + | QU s)ds + B+ ),
=0 s + O 0l + B0+ By,
O =/ a6+ 0] a0+ 0 ots)a(sxs

—w'u)icp(r)q(mBlw”(t>+Bz<p"<r).
Thus
W(r) = éw(o@’u) — V(191 = —4(0).
From

w(0) = j;é@(s)q(s)ds LB+ B,

W(0) =a j;%(p(s)q(s)ds L Ba+ B,
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we have B,p =0, thus B, = 0. Since u(1) = B,p, we have

m—2 m—2
Bip= Z ku(g;) = Z k; [.[01 G(&;,s5)q(s)ds +Bﬂb(§i)}-
i=1 i=1

Therefore,

1 m—2 1
By =2 kif, G(&9)a()ds.

i=1
The proof of Lemma 2.2 is completed.

Lemma 2.3. Suppose (H,) and (H,) hold. Then the unique solution u(t) of (2.1)
satisfies

ur)>0,0<r<1 and miln u®) >y ||ul,
o<t<l-oc

ce(o,lj,y:min{G,BJraG}.
2 B+a

Proof. From (H,), (H,), we obtain 0 < G(z, 5) < G(s, s) for t € [0, 1] and B, > 0.
So by Lemma 2.2, we know u(t) > 0, for ¢ € [0, 1], and

where

u(t) = || G(t.9)q(s)ds + By()
< [ G(s.9)q(s)ds + B()

sgcwwawﬁ+@+magem4L

M 0<s<r<1

G(t,5) _|o(s)’
Gls.s) b0 o o
V)
o, 0<s<r<l-o
24 B+oc <s<1
B+0L’ -
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Therefore, for all f € [o, 1 — o], we have
1
u(t) = [ G(t,5)q(s)ds + Bi(0)

_q G(t,s)
0 G(s,s)

G(s,5)q(s)ds + B(t)

>y j; G(s,5)q(s)ds + BU(0)

>y[ Gt )q(s)ds + P+ o\ B,
0 B+o

> y[ j; G(t,5)q(s)ds + (B+0)B, }

> [ull.

The proof of Lemma 2.3 is completed.
Let llull=max [u®) ] for all u € €0, 11, P= {u € C[0, 11: u(r) 20,1 € [0, 1]).

Then P is a cone on C[0, 1]. For u € P, we define T) = Gg‘g’f{j u(?). Then 1 is a

nonnegative continuous concave functional on P and t () < ||u||. Define

(Au)t) = [ Glt,9)q(s)  (5,u(s))ds

m—2
b 2 ) G D NS00, we P 10,11,

i=1

(Tu)(t) = max{(Au)(?),0},u € P,t € [0, 1].

For u € C[0, 1], define p : C[0, 1] = P by (uu)(¢) = max {u(¢), 0}. From the
definition, we have T=p 0 A.

Lemma 2.4. IfA : P — ([0, 1] is a completely continuous operator, then T : P
— P is a completely continuous operator.

Proof. The complete continuity of A implies that A is continuous and maps each
bounded subset in P to a relatively compact set. Denote py by y,y e C[0, 1]. Given
a function h € P, for each € > 0 there is 8 > 0 such that

|Ah - Ag|| < ¢, for g € P, ||lg - A < 6.
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Since
|(HAR)(®) — (nAZ)(1)| = |max {(Ah)(1),0} — max{(Ag)(),0}]
<|(A©®) - (A9) )] <&,
we have
||(AY(R) = (nA)(Q)]| <&, forg € P, ||g—h|| <38,
and then p o A is continuous.

For an arbitrarily given bounded set D — P and ¢ > 0, thereare y,i=1,...,m
such that

AD c JB(y;,8).
i=1

where B(y, &) = {u € P: ||u—y|| <&}. Then, for each y(r) € (u°A)D, thereisy e

AD such that y(r) = max{y(r),0}. We chooseoney. € {y,,...,y }suchthat|[y—y]|
< €. The fact

max | y(7) - y; () | < max | y(1) - y; (@) |
0<r<1 0<r<1

implies y € B(y;,€). Then (u © A) D has a finite e-net, and therefor, (un © A) D is
relatively compact. So T is a completely continuous operator.

Lemma 2.5. Suppose (H)), (H,) and (H,) hold. Then T: P — P is a completely
continuous operator.

Proof. First of all, we show that A : P — ([0, 1] is a completely continuous
operator. Let D P denote a bounded set. Then there exists M, > 0 such that ||u|| <
M forall u € D. Since fis continuous, there exists M, > 0 such that |f(z, u)| <M, for
(¢, u) € [0, 1] x [0, M ]. By (H,), for u € D, we have

1 m—2
| (A1) [ GC.9)g6) | (560 | ds 1 3 K GCErns)a0) ] F o) | ds
i=1

1 1 m=2 1
<M, [ Gt 9)q(s)ds +— 2 ki, [, G 9)a()ds < 4 o

Thus AD = {Au : u € D} c C[0, 1] is a bounded set. For u € D,
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1 ¢t 1
(A== [ B+ a)g(s)f(nlo)ds+ [ alt-s)4(s) fs.u(s))ds

a2
N Z, k; IO G(&;,5)q(s) f(s,u(s))ds

<M [ B +as)gs)ds + My [ a1 -s)q(s)ds
p p o

oM

m-—2 |
’ A ; zZ—ll ki.[o G(&;,9)q(s)ds

=8 (1) + (1) +8;5,
where
M, ¢t
aln="% [, (B+as)qs)ds,
M
)= [[atl=qe)as
M m=2
8 =523 k[, GE9a)ds
i=1
From

M, ¢t
IOII &) |dr = J; (?ZIO B+ OLS)q(S)dSJ dt

=2 M- B + as)g(s)ds
p 0

< +00,

M
.[;| &) |dt = I; [TZJ-‘I a(l- S)Q(S)dsj dt
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1
= My o as(1—s)g(s)ds < +oo,
p

m—2
joll 83 |dt = J.;{afz ; kiJ-;G(ai,S)Q(S)dSJ dt

2 2_2 |1 (i ) ( ) <
- k| G s S)q\S ds +00,
i=1 l 0 l

we obtain 0 < [j [ (Au)'(r)|dt < +oo. It is easy to show that AD is equicontinuous,

that is, A is compact. Letu , u € P and u — u(n — +o0). Then

| (A, )0 = (Au(t) | [} Gt 5)q(s) | £(5,10,(5) — £ (5,u(s)) | s

1 m-2

b0 2 k], GE19)G(6) | (50, (5)) = £ s.(s) | s
i=1

< [ G(5,5)a(5) | £(5,10,(5)) ~ f (5, u(s)) |

1 m-2

b0 2 k], GE19)G(6) | (50, (5)) = £ s.(s) | s
i=1

- j;/nG(s’ 9)q(s) | f(s,u,(s))— f(s,u(s)) | ds
1-1/n
+~[1/n G(s,5)q(s) | f(s,u,(s)) — f (s,u(s)) | ds

+~[11—1/n G(s,5)q(s)| f(s,u,(s)) = f(s,u(s)) | ds

1 m-2

+ZZ

i=1

k" G(&.9)a()| F(s.,(5) ~ f (su(s)) | ds

m-2 1

ki.[l/_:/nG(‘gi’s)CI(S) | £(s,u,(8)) = f(s,u(s)) | ds

—

> ki, |, G(& ()| £(5.10, ()~ f (s.u(s) | ds.n > 2.
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From (H)), (H,) (H,), it is easy to get

|| Au,, — Au || = max | (Au, )(?) —(Au)(t) |> 0, n — oo,
0<r<1
therefore, A is continuous. By using the Ascoli-Arzela Theorem, we obtain A : P —

([0, 1] is a completely continuous operator. Finally, from Lemma 2.4, we have T =
poA: P — Pisacompletely continuous operator.

3. MAIN RESULT

Let
A= 1 d p m—2k IG d
= max .[0 G(t,5)q(s) S+Z ; ,-.[0 (&;,9)q(s)ds
Then 0 < A < A.

Theorem 3.1. Suppose (H)), (H,) and (H,) hold. In addition, there exist real
numbers a, b, ¢ such that 0 < a < b <min{y, A /A}c and f satisfies the following
conditions:

(H)f(t,u)<c/A forall (1, u) e [0, 1] x [0, cI,

(H) f(t, u) < a/A forall (t,u) € [0, 1] x [0, al,
(H)f(t,u) > b /X forall (1, u) € [0, 1 -] x [b, b/v],
(H.) £ (¢, u) > 0 for all (t,u) € [0, 1] x [b, c].

Then the m-point boundary value problem (1.1) has at least three nontrivial positive
solutions u, u,, u,, such that

0<|lu||<a b< min i and ||us ||>a with min u; <b.
o<t<]- o<t<l-c

Proof. At first, we show that T : Fc — E is a completely continuous operator. If

ue P., then ||u]| < c. From (H,), we obtain

|| Tu||= max | max {(Au)(?), 0} |
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= max
0<r<1

1 1 m-2 1
max {j G(t,5)q(s) f (s, u(s))ds X Dok f o GG 9)q(s) f (s, u(S))dsw(t),O}
i=1

0

C 1
< (r)r;agx [ .[0 G(t,5)q(s)ds +Blp} =c.

Thus T': (PC) c P.. From Lemma 2.5, we have T': P.—> P, is a completely
continuous operator.
Next, we show that T has a fixed point u, and u, is a solution of (1.1). For |[u|| <

a, from (H,), we obtain

| Tu||= max | max {(Au)(),0} |
<t<

= max
0<r<1

1 1 m-2 1
max ) [, GO (s + ¢ Dk GG 950 (5.5 dsix0.0

a 1
< gnfuix[ jo G(t,s)q(s)ds + Blp} = a.

Combining with (C)) in Lemma 2.1 and (H)), (H,), we conclude that 7 has a
fixed point u,, 0 < ||u,|| < a. Next, we show that u_ is a solution of (1.1), that is, u is
a fixed point of A. Suppose this is not true, then there is 7, € (0, 1) such that u (7)) #
(Au)) (z,). It must be (Au)) (z) < 0=u (7). Let (¢, ¢,) be the maximal interval such
thatz, e (¢, 2,), (Au)(®) <O forall 7 € (¢, t,). It is easy to see that [z, 7,] # [0, 1] by
(H).Ift,< 1,thenu (r)=0forallz € [z, ], and (Au )(r) < 0, forall 7 € (¢, 1), and
(Au,)) (¢,) 20. Thus (Au,)'(t,) 2 0. (H)) and (H,) imply (Au,)"(¢) =—q(2) f (z, 0) <0 for
te(t,t).So, (Au)'(1) 20, for ¢ € [z, 1,]. We obtain 7, = 0. On the other hand, o(Au )
(0) = B(Au)'(0) = 0. If .= 0, then

(Au,)'(0) 2 (Au,)'(t,) > 0= (Au,)"(0),
which is a contradiction. If B =0, then (Au,)(0) < (Au,)(z)) < 0= (Au,)(0), whichis a
contradiction. If o § # 0, then

(Auy)'(0) =%<Aul)(0><o,

which is a contradiction. If 7, > 0, then u (1) =0 for all 7 € [z, £,], and (Au,)(¥) <O,
forallz e (¢, 2,) and (Au,) (¢)) = 0. Thus (Au )'(¢) <0. (H ) and (H,) imply (Au )" (?)
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=—q(1) f(t, 0) <0 for ¢t € (¢, t,). We obtain ¢, = 1. On the other hand,

(Au)(1) —Zgz k;(Au)(&;) =0, so there is i, 1 <i < m — 2, such that (Au,)(&) < 0.

Letj=min {i: (Au)(E) <0, 1 <i<m-2}, then (Au )& ) <Oforj<i<m-2.So
€ e (t,1)forj<i<m-—2.As (Au )(?) is concave on [z , 1], we obtain

(&), (Au)D .y o

& -1 1-1
thus,
(Au)(&;) 2 ali__tjl (Aup)(D) 2 (&)(Au)(D), j <i<m—2.
Ifj=1, then
(Auy )(1) = gki (Aup)(&;) 2 (Aul)(l)nikiﬁi-
- = -

So Z k& 21, furthermore,
P

m—2 m—2
p=p+as< Z k;(B+a)g; < Z kb(E)),
i=1 i=1

which is a contradiction with (H,). If 2 <j <m -2, then
m—2 j-1 m—2
(Aup)(D) = D"k (Au)(E) = D ki (Au)(E) + D k; (Auy)(E;)
i=1 i=1 i=j

m-2

j-1
> >k (Au)(E) +(Au)(D) Y kg,
i=1

i=j

j-1 m-2
> (Au)(D) Y k& +(Au)(D) D ki,

i=1 i=j

m-2
= (Au)(D) Y k&,
i=1
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m—2

So Z k& >1, furthermore,
i=1

m—2 m—2
p=p+a< Z k;(B+a)g; < Z kAb(E)),
i=1 i=1

which is a contradiction with (H,). Therefor, u  is a solution of (1.1).

We now verify that (C)) of Lemma 2.1 is satisfied. It is easy to see {u € P, (b/7):
T(w)>b}=¢.IfueP(b/y), thenb<u(s)<b/yfors € [c, 1-c]. From (H,), we
obtain

©(Au) = £n<1£ max{(Au)(?),0}
[ 173
= min DOG(t,s)q(s)f(s,u(s))dHKZkljoG(é,-,s)q(s)f(s,u(s))dsw(t)
o<t<l-c -1
>

. 1-c 1 m—2 ol
min L G(t,5)q(s) f (s,u(s))ds + n ; kzjo G(&,,5)q(s) f (s,u(s))ds ()

o<t<l-

b . [lo
>2| min ["7Gsg0)ds + Bl <

A | ost<l-o

Finally, we verify that (C,) of Lemma 2.1 is satisfied. Suppose u € P,(c) with
||Tu|| > b /y. From (H,) and Lemma 2.3, we obtain

WAu)= min (Tu)(®)2y||Tu||>b.

By Lemma 2.1, T has at least three fixed point. So, the m-point boundary value
problem (1.1) has at least three positive solutions u , u, and u, such that

| >a with min u; <b.
o<t<l-o

0<||u||<a, b< min u, and ||u

o<t<l-o 3|

The proof of theorem 3.1 is completed.

4. AN EXAMPLE

Example 4.1. Consider the boundary value problem

u" +q(t)f(t,u)=0, 0<r<l,

u(0)—u’(0) =0, u(l) —u(ij =0, “4.1)
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h q(t)—L
whnere \/;’

—1.3u+0.3+0.1¢ 0<r<1,0<5u<l,

Fa) 3u—4+0.1z, 0<t<1,15u<?2,

Uu) =

2+0.1z, 0<r<1,25u<6, 4.2)
—u+0.1r +8, 0<t<lLu=6.

Conclusion. Problem (4.1) has at least three nontrivial positive solutions.

9
Proof. Let 022—5,0 =Lb=2,c=6. From (4.1), weknow m=3,0=1,p =1,k =

1, & =— Clearly, (H)), (H)) and (H,) hold. After some simple calculation, we have

3 8 9 200 37024 ¢ 243 a 81 b 28125
p:2’A:_’BIZ_’y:_’A: ’}\‘: s T = s T = y T — .
4 9 25 81 28125 A 100 A 200 A 18512

Combining with (4.2), we obtain

f(t,u)S% for (t,u) <0, 1]x[0,6],

f(t,u)<% for (t,u)€[0,1]x[0,1],

28125 9 16 50
f(t,lxl 18—2 f )E[—,—}X[Z,—},

f(t,u) >0 for(t,u) € [0, 1] x [2, 6].

Thus, by an application of Theorem 3.1, we get that problem (4.1) has at least three
nontrivial positive solutions u , u, and u, such that

0< <1< . >1 .. i <2.
||y [ <1, ze[9/r§151,1n6/25]u2’||u3 1>1 with te[g/rzr?,g/zﬂ%
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