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NONEXISTENCE RESULTS OF NONTRIVIAL SOLUTIONS
FOR A CLASS OF NONLINEAR EQUATIONS

Brahim Khodja

ABSTRACT: Let f: DxR —> R be a continuous function satisfying

f(y.0)=0.yeD,
2F(y, u)—uf(y,u)SO,

where F()” ”) = J‘f(Yv s)ds. If we assume u = u(x, y) € H*(R" x D) N L*(R" x D) to be a
0
solution of equation

n

m azu(x’ y) 62M(x, y) m
—Z > —ch. > +f(y,u(x, y)))=0,(x, y)eIR{ x D,
o Ox; i=1 0y,

where ¢, (i =1, ..., n) are given real constants and u(x, y) satisfies the following boundary
conditions

u(x, s)=0, (x, s) € R"x oD,

or

Z—Z(x, s) =0, (x, s) e R" x0D,

or

[u+€2—u)(x, s) =0, (x, s) eR" x0D,

n

Then the function E(x) = Hu (x, y)|2dy verifies AE > 0 in R”. Here

D

o o -
A :a+...+ o and D =1;[]0tn[3i[
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1. INTRODUCTION

The problem of existence and nonexistence of nontrivial solutions of problems of
the form

—Au+ f(u)=0in Q,
u=0o0noQ,

has been investigated by many authors under various situations. Previous works
have been reported by H. Berestycky, T. Gallouet and O. Kavian [2], G.Caristi and
E. Mitidieri [3], M.J. Esteban and P.L. Lions [4] and S.I. Pohozaev [14]. To illustrate
some of the typical known results, let us consider the Dirichlet problem

—Au+ f(u)=0,ueC’ (5),
u=0o0noQ,

Under the hypotheses

where Q is a connected unbounded domain of R" such as
JA € RY, ||A]| =1, (n(x), A) >0 on 0Q, {n(x), A) #0,

(n(x) is the outward normal to 0Q at the point x) M.J. Esteban and P.L. Lions [4]
established that the Dirichlet problem does not have nontrivial solutions.

The Pohozaev identity published in 1965 for solutions of the Dirichlet problem
proved absence of nontrivial solutions for some elliptic equations when Q is a star
shaped bounded domain in IR” and fis a continuous function on R satisfying:

(n-2)F(u) — 2nuf(u) > 0,
where, n = dimR".
When
Q=Jxuw,
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where J c R is unbounded interval and w < R” domain, A. Haraux and B. Khodja
[6] established under the assumption

{f (0)=0,
2F(u) —uf(u) <0,

if we assume that u € H*(J X w) N L*(J x w) is a solution of the problems

—Au+ f(u)=01in Q,

(u or%ijon o(J xw).

n

Then these two problems (Dirichlet and Neumann) do have only trivial solution.
When

fw)y=um+1)(u+?2),
and
Q=R x]0, a[(a < m),

Neumann problem

—Au+u(u+1)(u+2)=01in Q,

%=00n89,

on

is still open.

This has motivated us to investigate furthermore this question.

Let f'be a real continuous function

f:DxR->R,
verifying
f(,0)=0in D,
so that
u=0,
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is a solution of the equation

m

2 n 82 ‘ .
_Z_;gz—zci#ﬂv(%u):OmQ:R x D, (1.1)

where ¢ (i = 1, ..., n) are real constants.
We assume that

u=u(x,y) € H(R" x D) N L*(R™ x D),

satisfies
u(x, s) =0, (x, s) € R™ x 0D (Dirichlet boundary condition), (1.2)
or
ou m "
a—n(x, s) =0, (x, s) € R" x0D (Neumann boundary condition),  (1.3)
or

(u + ea—uj (x,5)=0,(x,s)eR"x0D (Robin boundary condition). (1.4)

on

The purpose of this paper is to extend our previous result [6] to problems
(1.1)—(1.2), (1.1)—=(1.3) and (1.1)—(1.4).

Let us denote by:
r=R"xoD=r, UT, U..UT, UT,,
where
L= {Gep s X Y oY p O Y s V) ],

the boundary of Q=R" x [ []o.,. B,[, (&, y) = (%, .... x , ¥,, ..., y,), the generic point

i=1
of Q, n(x, s) = (0, ..., 0, n,(x, 5), n,(x, 5), ..., n_(x, s)), the outward normal to 0Q) at the
ou (x, y)

2
i

(x, s) point and the second derivative of u with respecttox(i=1, ..., n) at

(x, y) point.
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Let us define for
k=1,2,..nandt e {a,B,0,B,....a,B },
Ve SO0 Yo e Vi T Vigrs o0 V)
dy, =dy,.dy_dy,_, ..dy,

Bl Bifl BHI Bn
J f(y, s)dyl...dyl;ldym Ldy = I f(y, s)dyl.*.
o Oli,l Qi Oy D?

2. INTEGRAL IDENTITY

We begin this section by giving an integral identity useful in the sequel
Lemma 1: Let
u=u(x,y) € HH(R" x D) N L*(R™ x D),

be a solution of problem (1.1)—(1.4). Then for each x € R” and ¢ > 0, the solution u
verifies

2

1 i al/t .X y 81,{()(,)))
L[ 2Z ox) ZC o | FFL (o) |
1 c o 2 B 2 *
+?€;Cii(‘u(x, y,»') +‘u(x, y,»’)‘ )dyi =0. @
Proof: Let the function defined by
I:R" >R,

m

1 Gu(x,y) ’
=] 52

= j

aux,y)f

£ F(y, u(x, y)) dy.

+22c,.

i=1

The hypotheses on u and f imply that / is absolutely continuous and thus
differentiable almost everywhere on R”, we have

0 " ou 0'u & Ou Ou ou
—1 =|-) —— — ,u)— [(x, y)dy.
ox; (x) 7!{ = Ox; Ox; +IZ::‘C' y, Oy, X, i u)ﬁxj}(x y)dy (2.2)
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A simple use of Fubini’s theorem and an integration by parts yields

JZ 614 814 xydy ZIUB 6u66u(x’y)dyijdyj

D i=1 aayt] z iy

" u o o[ oua N TP
:I Z Cia—a— X, y)dy+ ” Cil-!;[gltguj(x’ yzﬁl)_gua_u(x yll)dei'

D

Substituting these formulas in (2.2), one obtains

0 ™0 L0 0
gl(x) :J-L—]Z_l:g?+2ci#+f(y,u)](£}x, y)dy

j D i=1

o . ou 0 N\ Oud | g
a1(x)=+z j?c,. [a—zg”(x y?')—a—ua—;(x, y,»')jdyi- (2.3)
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We obtain instead of (2.3)

%[l(xﬁzigicimu(x, v )r +‘u(x, P )‘Zjdyf} 0.

=l

Integrating this expression, with respect to X, (j=1, ..., m), one obtains

10 e [ (oot | o)

2
jdyi = const.
i=1
Since
u(x, y) € H*(R" x D),
we conclude that the constant is null which is the desired result.

Lemma 2: Under the hypotheses of Lemma 1, if u satisfies either the Dirichlet
condition (1.2) or the Neumann condition (1.3) on R™ x dD. Then for each x € R,
u verifies the integral identity

2

e

i=1

2
m

|52

D J=1

Gu(x, y)
ox.

J

8u(x, y)

o +F(y,u(x,y)) dx =0. 2.5)

Proof: To prove (2.5), it suffices to check that

0

—1 =0,
510
for

u(x, s) =0, (x, s) € R"x 0D,
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or

%(x, s) = 0,(x, s) e R" x0D.

Indeed, let us examine fori=1, ..., n and j =1, ..., m the expressions

Ou Ou (x,yi“") ou 6u( , B,»)

_— a X
Oy; Ox | 0y, Ox |
If we suppose that u (x, s) = 0, for (x, s) € R” x 0D, it is known that

ou

Vu= 8_ -non 0Q),
n
1.e.
- o -
—(x,s
0ox, ( ) r 0 ]
M (x.5) 0
axm au m
o = nl—(x,s) ,(x,s)eR x0OD.
2 (x.5) "
oy,
u
ou Patl)
_a(x, s) -
Consequently,
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ou
Now if the boundary condition is a—n(X, s ) =0, for (x, s) € R" x 0D, then

%=<Vu,n>=00nFQIUFBIU...UFQ UT,
" . :
i.e

ou o ou b,

—(xy ) =—I(x,y")=0,xeR",i=1,...,n

o (290 ) =5 ()

In both cases,
%I(x)zO,xe]R’",

and we conclude as was done in the previous lemma.

3. MAIN RESULTS

We examine now our main result which is stated as follows.

Theorem 1: Let

u:Q—->R,
be a solution of problem (1.1)—(1.4). Assume that
u € H*(Q) N L*(Q);
and f verifying the following condition
2F(y, u) — uf(y, u) <0. (3.1
Then
E(x)= i‘” (. y)‘z d is subharmonic in R".

Proof: It is easy to see that almost everywhere in R” x D, we have

o’u 10° (”2)
{“a—zjw— 2 e

X

2

ou
Ox

J

(2, ¥)- 3.2)
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u
In fact by multiplying equation (1.1) by ) and integrating the new equation
over D, we obtain

OI[Z:y<>

n

—Z u + uf v, u)}(x,y)dy.

23
However,
2
chu— = —ZCJ% (x,y)dy
i=1 p i=l p ayi
(e R I
= Vi i
= e [[2 ()
= y;
235 oo ol f o
€ =1 D!
Thus we get

814
8x

1 n
+EiZ=I:Ci ay

i

_2 +%uf(y, u)}(x, y)dy

J{iz 1) 5o

D 1

2

+|u

[N .
:2€llcj(‘u(x,yi')

D;

Lemma 1 implies that

& 82(142) 1
I{ZZ 8xf +E

D J=1

n

j= 11
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2
m

:L[ —%Z

n

2
1
+E;Ci

ou

o, +F(y,u) (x,y)dy

au
ox :

Hence we have

1& 82 uz m
J _ZZ a(xj )+

D J=1

|2

‘ —F(y,u)+%uf(y,u) (x,y)dyzO,

j=

—_
~

1.e

2

—lia—zw{.ﬂu(x, y)‘2 dyj = _[ S 6_u + F(y, u) —luf(y, u) (x, y)dy.
4 = axj D D j=1 axj 2
The hypothesis (3.1) implies that
" 82E(x) " Gu(x, y) ’ )
>4 ——dy>0in R",
]Z_I: 8xf ]Z;i Ox; Y

This completes the proof.

Remark 1: The Maximum Principle implies the triviality of the solution u(x, y)
of the problem (1.1)—(1.4).

Theorem 2: The result of Theorem 1 is still true if Robin condition (1.4) is
replaced by Dirichlet condition (1.2) or Neumann condition (1.3).

Proof: By similar arguments as in the proof of Theorem 1, we obtain

2 2

+%,Z;:Ci88_)lz +%uf(y,u) (x,y)dy

ou
ox :

1 82(1,{2) 1&
I_ZZ 8xf +Ez

D J=1 J=1

iy j[[%j( N )de;

i
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ou
If u(x, s) =0 or 5()6, 5)=0, for (x, s) € R” x 0D this formula reduces to

f‘ziaz( ), 1 Z

D J=1

+2uf v, u ) (x,y)dyzO.

We can now employ (2.4) to transform this identity into the following form

J

2 +F(y,u)—%uf(y,u)](x’y))dy

Our assumption on f implies the desired result.

4. EXAMPLES
In this section we illustrate our theoretical results by some examples:

Example 1: The problem

m A2 n
227—21 %4‘6( )| |pilu=0inQ=R’”xD,

4.1
(uw%?j(x,s)=0,(x,s)e]R’”><6D, @1
n

where

6:5—)1&

is a nonnegative continuous real function and p > 1 does not have nontrivial
solutions:

Indeed,

p+l

<0.

2
2F (y, u)—uf (y,u) = e(y)(—l—ljl

and then applying Theorem 1.

Example 2: Let p : D — R, be a continuous function and A € R. The problem
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" 0'u N Ou . rim
—Z——Zci—wtp(y)u:OmR xD,

j=1 asz- i=1 aylz
4.2
(u+€?j(x,s)=0,(x,s)e]l%’”><6D, “-2)
n

considered in H*(R™ x D) N L*(R™ x D) does not have nontrivial solutions:

In this case we observe that

2F(y, u) — uf(y, u) =0,

and

1 & 6 Ik
‘ZZy[Hu(x,y)\zdy] B .[ _AIG_M +F(y,u)——uf(y,u) (x,y)dy
j=t X \ D D\ = J
2
_ _J« 8u(x,y) dy
»| OX;
ie.
n 2 B u 8u(x,y)2
]Z_: () dy)— ij_l o |20

Example 3: Let

0,,0,:D >R,
be are two continuous nonnegative functions, p, q = 1 and
[, w) =mu+0,(y) [uf'u+0,(y) [ul*"'u), m € R.
The problem

4.3)

7~ N\
<
+
m

N———

—_
=
s
~
I
=
—_
=
h
~
m
=
3
X
|))
>
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does not have nontrivial solutions.

It suffices to see that

zF(y,u)_uf(y,u)=el(y)(il_ljp

p+

p+l 2
0 —1
0,0 21

and then applying Theorem 1.
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