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Abstract

The problem of estimation of the population product for the current occasion
based on the samples selected over two occasions has been considered. This estimator
is obtained suitably combining two independent estimates of the population product.
One estimate is derived from retained sample using a double-sampling estimator for
the product of two means employing information on one auxiliary variable in the
first occasion, while the other is an ordinary product estimate derived from the new
sample. The expression for optimum estimator, its mean square error, the optimum
matched proportion, the gain in efficiency of the proposed estimate over the direct
estimate using no information gathered on the first occasion, have been computed.

An empirical study is made to study the performance of the proposed strategy.

1 Introduction. The problem of sampling on two successive occasions with a partial
replacement of sampling units was first considered by Jessen [8] in the analysis of a survey
which collected farm data. Later, the theory was extended by Patterson [12], Rao and
Graham [14], Gupta [7], Das [4], Chaturvedi and Tripathi [2], Singh et al. [17], Singh and
Priyanka [16], Singh and Vishwakarma [18] among others.
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However, in many of such repetitive surveys, the estimate of the population ratio and
product of two characters for the most recent occasion may be of practical interest. The
theory of estimation of the population ratio of two characters over two occasions has been
considered by Rao [13], Rao and Pereira [15], Okafor [11], Garcfa and Artés [5] among
others.

Tripathi and Sinha [19] and Das [4] derived estimators of the population ratio for the
most recent occasion when sampling with partial replacement of units. These estimates
are obtained by suitably combining two independent estimates of the population ratio.
One estimate is derived from retained (matched) sample using the regression method of
estimation; while the other is an ordinary ratio estimate derived from the new (unmatched)
sample.

Okafor and Arnab [10] also gave some estimators of the population ratio when sampling
is done with partial replacement of units. In their case, the estimate of the population total
of the character y on the recent occasion is first obtained by a suitable combination of two
independent estimates of the population totals from the matched and unmatched samples.
The estimate of the population total of x is similarly obtained. These two estimates of the
population totals of y and x are then used to derive the estimate of the population ratio.

Further, Garcia [6] presented some sampling strategies for estimating, by a linear esti-
mate, the population product of two characters over two occasions.

In this paper is derived an estimator of the population product for the most recent
occasion when sampling with partial replacement of units. This estimator is obtained
suitably combining two independent estimates of the population product. One estimate is
derived from retained (matched) sample using a double-sampling estimator for the product
of two means employing information on one auxiliary variable in the first occasion (Khare
[9]); while the other is an ordinary product estimate derived from the new (unmatched)

sample. An empirical study is carried out to support the proposed strategy.

2 The sampling scheme and Proposed general estimator Let Yy;, Y5; and Xy
be the value of j-th unit of the characters vy, y» and x; respectively. The population means
of the main characters y;, y» and the auxiliary character z;, be denoted by Y;, Y, and
X, respectively. In case when X; is unknown the use of two phase sampling scheme is
proposed. Let | denote the sample mean of the auxiliary character, z; based on first phase

sample of size n’ and ¥, 72 and Z; denote the sample means based on second phase sample
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of size n of the characters y;, yo, and x; respectively.

Suppose that the samples are of size n on both occasions, we use a simple random
sampling and the size of the population N is sufficiently great for the factor of correction
be ignored.

Let a simple random sample of size n be selected on the first occasion from a universe
of size N. Information about auxiliary variable x; is available for the first occasion. Let
y1 and ys be the variable under study on the second occasion. When selecting the second
sample, we assume that m = pn (0 < p < 1) of the units of the selected sample on the
first occasion are retained for the second occasion (matched sample) and the remaining
u=n—m = qgn (¢ = 1—p) units are replaced by a new selection from the universe N —m

left after omitting the m units.

We denote
S2 N (Y — ;)2
022:—_127 S7,2 Zj_l(]\; ) y 221,2
Sz SV (X — X1)?
(Jg = -0 Sg ==

= )_(_12 ~

The correlation coefficients between (y1,¥2), (y1,21) and (y2, 1) are denoted by pg, p1
y po respectively.

P, = Y;Y, the population product on the second occasion.

182 = 1172 the estimator of the population product on the second occasion.

ﬁQm, the estimator of the population product on the second occasion based on the
matched sample of m units.

ﬁgu, the estimator of the population product on the second occasion based on the
unmatched sample of u units.

Hence, we construct an estimate of the population product on the second occasion, ]32’,

by combining the two independent estimates ﬁém and ]32u, with weights () and 1 — . Thus

Py=QPy + (1-Q)P,,

For the unmatched portion a direct estimate of the population product, based on the u
sampling units is used.
For the matched portion an estimate improved of the direct estimate, may be obtained

using a double sampling estimate suggested by Khare [9].
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jj/
P' =g(w,u), w =1y, w= -2
X

The function g(w,u) is such that

9(P271)2P27 91(P2,1):1

and satisfy the following conditions:

1. Whatever be the sample chosen, (w,u) assumes values in bounded closed convex

subset Dy, of two dimensional real space containing the point (P, 1).

2. The function g(w,u), and its first and second order partial derivatives exit and are

continuous and bounded in D;.

Under the conditions specified for the function g(w,u) and expanding the function
g(w,u) about the point (P2, 1) (Khare [9]), with the help of Taylor’s series up to second

order derivatives, we have the expressions of bias (B)

B(ﬁ’):Pip(JOJr i—ﬂ g2( P 1)+lg (P, 1) | +
2m 2m 0“1v“2 m 2\14 2, 2 22\1 2,
1 !
+§ (Pgiwlgn(Pg, 1) — 2P2 <i — L) W200912(P2, 1))
m m
where
0 0 0?

gl(w7u) = a—wg(w7u); gQ(wau) = %9(“&“); 912(w u)
0? 0?
gll(wau) = Fg(wau)a gZQ(wau) = wg(w>u)

W1 02 + 02 + 2p00102, W2 = ,0101 + /)202
N —m , N-—n
f_ N 7 f - N

Following Cochran [3], the first order approximation to the mean square error (M.S.E) of

73\’2m, assuming an infinite population, is given by
!/
MSE (Py) = P2 | Ly — (L= L) w2
(Payn) 2 { pedg mn 2

The expression for mean square error of Pj is
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MSE (ﬁ;m) MSE (13%)

MSE (135)%  MSE (ﬁgm) + MSE (ﬁgu) B
- %22(012 +C2 4 2p00102)% (2.1)

where )
_ (p1C1 + p2Cs)

(CF + CF + 2poC1Cs)
Also, the mean square error of ]32u, is given by
2

~ P.
MSE(Py,) = 72(012 + CF + 2poC1Cs)
The best estimate of the P, on the second occasion is obtained by using the values of
@Q that minimize the mean square error (M.S.E.) of P},
MSE (Py,)
Qopt - — — - P P)
MSE (P%) + MSE <P2fm> 1+(1-p)°2

So,

(p1C1 + p2Cy)?
(C? 4 C3 + 2poC1Co)

N P2
MSE(P,,) = EQ(CHQ + CF + 2poC1Cy)[1 — qZ); Z =

If, however, the direct estimate ]32m based on the m samplings units its mean square

error would be

~ P2
MSE(P) = ﬁ(OE + C% + 2poC1Cy)

We obtain that ﬁZIm is more efficient than Py, if

(pCh + 10202)2 >0
(CT 4+ C3 +2poC1Ca) —

Equating to zero the derivative of MSE(]%’), (2.1), with respect to g, we find that the

7 —

mean square error of P} will have its minimum value if we choose

a\ _ 1—\/1—2. 7 (p101+p202)2
opt ’ (012 + 022 + 2p00102)

A

and P2 1—7 7
MSEp(Py) = =2 (C? + C2 + 2pyC, Cy) ——22 qi;”

n 1- QOptZ
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3 Comparison with other estimators The simple estimator of the population prod-
uct on the current occasion }32 is based exclusively on the n sampling units for the second
occasion, using no information gathered on the first occasion, its mean square error is given
by

) Py 2
MSE(PQ) = 7(01 + 02 + 2p00102)

We can compute the gain in precision G of the combined estimate 132’, obtained by using
a double-sampling estimator for the product of two means employing information on one

auxiliary variable in the first occasion, over the direct estimate, P,

_ MSE(P) — MSEnn(F) _ Zp(1-p) (0:C1 + p2Cs)°

G s - . 7=

Necessarily p < 1. If p = 1 (perfect matching) or p = 0 (no matching), the gain is zero.
For other p (0 < p < 1), there will be positive gain if Z > 0.

3.1 Special case When

plzp:pQ CIICQIC

we have
~ P? 2p?
MSE(P, = —220%(1 1-—
( 2m(1)) m (1+ po) ql T
and P2 1 A 2p°
o~ —q P
MSE,n (P’ ) 29021 4 p)—22. z -
The optimum ¢ is given by
202
N i
qopt(l) = 2p2
1+po

The gain in precision, 1, of the combined estimate, ﬁz’(l), over the direct estimate is

given by

MSE(Py) — MSEyn(Pyyy)  P(1=p) (1%)
1 pu— — pu— 5
MSEmm(Pé(l)) 1— (1 _ p) < 2p )

14-po
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For other p (0 < p < 1), there will be positive gain if

2p2

>0
L+po —

We conclude that the gain in precision of the combined estimate, ]32’(1), over the direct

estimate, ﬁg, increase with increasing p value (larger dependence between the auxiliary
variable x; and the variables under study y; and y,), and decreasing p, (smaller correlation
between y; and y,). Figure 1 show the optimum matching fraction (decreasing when larger
dependence between the auxiliary variable x; and the variables under study y; and y) and

gain in precision of the combined estimate.

Figure 1: Gain in precision and optimum matching fraction of py against pg

Table 1 show the gain in precision, GG; of the estimate proposed, 152’(1), over the direct.

Table 1: Gain in precision, G

p=0.3 p=0.6 p=0.9
p!l ¢g— 03 05 0703 05 0703 05 0.7
0.3 3.1 3.7 33123 16.6 16.1 | 25.8 40 51
0.6 23 29 25| 95 125 116|221 33 38
0.9 21 26 22|69 88 79 |18.6 269 288

3.2 Particular case When
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we have
~ P? 2p?
MSE(P, = —220C%(1 1—-
( 2m(2)) m (1+p) ql—l—p
and
MSEpin (Ph)) = Bocravppln92, - 2
min 2(2) - n pl_q227 _1+p
The optimum ¢ is given by
2 2
i
Gopt(2) = 202
T+p

The gain in precision, Gy, of the combined estimate, ﬁz’(z), over the direct estimate is

given by
~ =, 1 _ ﬁ
MSE(Py) = MSEpn(Pyy) — P(1-p) (1+p)
2= = = 2
MSEpin(Pyy) 1—(1-p) (%)

Figure 2 show for a series of values of p the optimum that should be matched and the
gain in precision compared with no matching. The best percentage to match never exceeds
50% and decrease steadily as p increases. The greatest attainable gain in precision is 100%
when p = 1. Unless p is high, the gains are modest.

Although the optimum percentage to match varies with the correlation coefficient, only

a single percentage can be used in practice for all items in a survey.

Figure 2: Optimum matching fraction and gain in precision when p = pgy

0.4 0.8
0.3 0.6
0.2 0.4

0.1 0.2
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4 Empirical study We have used the data collected in a survey on healthy habits
and fitness level to assess the optimal operation of the proposed method. This study was
carried out over a population of fourteen-year-old schoolchildren in Almeria schools during
April and June, 1998. (Casimiro [1])

In order to achieve the targets of the study, we have considered the estimation of the
endomorphic component (y, one of the multiple variables which affect the survey) at the
second occasion, taking as auxiliary variables body mass index (z7), the add of fold (z3),
the maximum volume of oxygen (x3) and the arm maintained flexion (z4) from the first
occasion.

The sampling data regarding the number of schoolchildren and the parameters obtained
from the two occasions were as follows:

First Occasion (April’ 98): Large sample n = 337, among the 2681 schoolchildren
conforming the population.

Second Occasion (June’ 98): Matched sample m = 135, unmatched sample u = 202.
C1=0420  p; =0.710
Co=0.173  py = 0.730
Cy =0417  pp =0.773
From these data we can state that

DI P22 2 2 P22 2 2 D
MSEn <P2> = 0802 (CF + C3 + 20001 Cy) < —2(CF + CF +2pC1Cy) = MSE (PQ)

which means a gain in precision of 25% of the estimator ﬁé over the usual estimator 162.
The best percentage to match never exceeds 50% and we have calculated the optimum
matching fraction p,, = 37.82%.

In the special case
P1 = P2 = 0.773 Po = 0.73 Cl = CQ = C

we have
-, P}, P2_
n n

which means a gain in precision of 28% of the estimator ﬁzlu) over the usual estimator ﬁg

and the optimum matching fraction Py = 35.76%.
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In the particular case

p1:p2:p0:0773 0120220

we have

P! Py 2 Py 2

which means a gain in precision of 27% of the estimator ]32’(2) over the usual estimator 132

and the optimum matching fraction pype2) = 36.98%.

use

[1]

So, the estimator ﬁzlu) is more accurate than the estimators ﬁQ’ and 152’(2).
Acknowledgement. The authors wishes to express his gratitude to Casimiro for the

of his numerical data.
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