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DIRECTED VERTEX DOMINATING FUNCTION
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AssTRACT: In this paper, we prove the necessary and sufficient condition for a directed
vertex dominating function to be a minimal directed vertex dominating function. Also we
find the directed fractional vertex domination number a (D) for digraphs CT (n), Unidirected

caterpillar, CJ, .

Kevyworps: Digraph, Directed vertex dominating function, Minimal directed vertex
dominating function, Directed fractional vertex dominating number a_(D).

1. INTRODUCTION

Consult [1] for notation and terminology which are not defined here. The concept of
dominating function and fractional domination number in graphs were introduced
in [6]. A dominating function (DF) of a graph G = (V, E) isa functionf:V - [0, 1]
suchthat §  f(v)=1forall vOV,whereN[v] ={ulV/uisadjacent with v} U{v}.
veN(v
A DF fis ca(lliad a minimal dominating function (MDF) if there is no function
g:V > [0, 1] such thatg<fand gisa DF. Where g<f if g(u) <f(u) forallvOV
and g(v,) <f(v,) for some v, 0 V. For areal-valued function f: V(D) - Rthe weight
of fis |f|= § f(v) and for SOV, we define f(S)=Y f(v) so|f|=f(V).
veV ve s

The boundary set B, and the positive set P, of a DF f are defined by
B={vOV:f(N[V])=1 and P.={vOV:f(v)>0}

Let Aand B be subsets of V. We say that A dominates B and write A - B if every
vertex in B\Ais adjacent to some vertex in A. The following theorem gives a necessary
and sufficient condition for a DF to be an MDF.

Theorem 1.1 [3]:
ADFfof Gisan MDF ifand only if B, - P..
For any DF f, the fractional domination number y, (G) is defined by
Y;(G) = min {|f| : f is an MDF of G}

Here we transfer this concept to digraphs, called directed fractional vertex
dominating function and directed fractional vertex dominating number a_ (D).
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2. DIRECTED VERTEX DOMINATING FUNCTION

Let D be a finite simple digraph with vertex set V(D) = V and arc set A(D) = A
If (u, v) is an arc of D, we say that v is adjacent from u or u is adjacent to v. The
outdegree od(v) of a point vis the number of points adjacent from it, and the indegree
id (v) is the number adjacent it. Let N*(v) denote the set of all vertices of D which
are adjacent from v. Let N*[v] = N*(v) U {v}.

A directed vertex dominating function (DVDF) of a digraph D = (V, A) is a
function f: V - [0, 1] such that Z f(v)=1 forall v O V. A DVDF is called

|‘&J\"I{ll}

minimal DVDF if there is no functiong: V — [0, 1] such that g < fand g is a DVDF.
The directed fractional vertex domination number a_ (D) is defined as
a (D) = Min {|f | - fis a minimal directed vertex dominating function on D}.
Notation 2.1:
LHNT)= 5 f.

ve N'[v]

2. B ={vOV/f(N*[V]) =13},

3. P ={vOV/f(v)>0}.

Example 2.2: Consider a digraph D = (V, E) where V={v,, v,, v, v, V, V,, V. }
and E={(v,, v,), (V,, ), (V5 V,), (V; V), (Vi V), (Vi V)0 (Vg V), (V0 V), (Vs V)Y

N,
Let (f(v), f(v,), f(v), f(v), f(v), f(v), f(v,)) = (1,1, 3/10, 1, 5/10, 6/10, 1)
N*[v,]={v, v.}, f(N*[v,]) = 13/10
N*[v,] ={v, v,}, f(N*[v,]) = 13/10
N*[v,] ={v, v, V.}, f(N*[v,]) = 18/10
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N*[v,] = {v,}. f(NTv,]) =1
N* vl ={V,, V,, V,, V., V. }, f(N*[v,]) = 34/10
N*[v,] ={v, v.}, f(N*[v,]) = 11/10
N'[v] = {v,} FNTv,]) =1

Therefore, f(N*[v])=1forallvOV. Sof isadirected vertex dominating function.

Definition 2.3: Let Aand B be two subsets of V. We say that A dominates B and
write A — Bifevery vertex u [J B\Ais adjacent from some vertex in A ie there exists
v O Asuch that (v, u) O V.

Lemma 2.4: Let f be a directed vertex dominating function of a digraph D. Let
v be a vertex of D such that f(v) >0 and f(N*[v]) = 1. Thenid(v) = 1.

Proof: Suppose id(v) = 0.
Let f(N*[v])=1+s
Let x=min (s f(v)

Define g: by V - [0, 1]

_ Of (u), Uzv
9(u) = Ef(v)—x, u=v
g(N*V]) = f(N*[V]) - x

=1+s-Xx

g(N*[v]) =1 (- s—=x=0)
Also g(N*[u]) =f(N*[u]) forall uzv (.. id(v)=0)
0 g(N*[u])=1 forall uzv
O g is a directed vertex dominating function and g < f
O O (O fisaminimal directed vertex dominating function)
0 id(v) = 1.

Theorem 2.5: A directed vertex dominating function f of D is a minimal directed
vertex dominating function iff BY - P;.
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Proof: Assume that f is a minimal directed vertex dominating function.
If P;\B' = g there is nothing to prove
Otherwise, let v 0 P\ B!
O f(v)>0 and f(N*[v]) >1
O By Lemmaid(v) =1
To prove that v is adjacent from some vertex in Bf
Suppose not, the vertices adjacent to v are not in B!
Let v, Vv, ..., v_be the vertices adjacent to v.
Therefore, f(N*[v,]) > 1, f((N*[v,]) > 1, -, f(N*[v]) > 1.
Letf(N'M)=1+s f(N*[v])=1+s, -, f(N*'[v])=1+s, wheress, s >0,
Let Xx=min(ss, s, f(v)
Define g:V - [0,1] by
_Of(u), Utv
aof(v)—x, u=v
g(N*[v]) = f(N*[V]) - x
=1+s-X% where s—x=0
g(N*[v,]) = F(N*[v,]) - x
=1+s —-X where s —x=0

g(u)

g(N'[v,]) = g(N"[v,]) - X
=1+s —-X where s —x=0
Also g(N*[u]) =f(N*[u]) =1 forall ulV\{v,v,, ...,v}
Hence g(N*[u]) =1 forall uV
Therefore, g is a directed vertex dominating function and g < f

This is a contradiction.
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Therefore, v is adjacent from some vertex in B;

e, B - Py

Conversely, assume that B — P;.

Suppose f is not a minimal directed vertex dominating function.

Therefore, there exists a directed vertex dominating functiong: V - [0, 1] such
that g <f.

i.e., there exists u, O Py such that g (u,) < f(u,)

If f(N*[u,]) =1 then g(N*[u]) <1 (sinceg<f and g(u,)<f(u)).
This is a contradiction (since g is a directed vertex dominating function).

If f(N*[u]) > 1 then u O P\B!

Since B - P/, there exists v, 1 B such that u, is adjacent from v,

i.e., f(N*[v,]) =1

Therefore g(N*[v,]) <1 (since g<fand g(u)<f(u,))

This is a contradiction (since g is a directed vertex dominating function).
Therefore f is a minimal directed vertex dominating function.

Example 2.6: Consider a digraph D = (V, A) where V = {v,, v,, v,, v, V,}
A={(V, V), (v;, V), (Vi V), (Vi Vi), (W, V), (V0 V)T

Let (F(v,), f(v,), F(v), F(v,), f(v)) = (U2, 1/2,0, 1/2, 1)

NV, ] ={v,, v,} f(NT[v]) =1

N[V, = {v,, v.} FNV,]) =1

N*[v,] ={v, v, v, v,} f(N*[v,]) =2

N*[v,] ={v, v} f(N*[v,]) = 3/2

N*Tv] = {v;} fFINTIv]) =1
17
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I:)+_{1' 2! 4’ } B+_{1’ 2! }
PA\B ={v}
(v, v)OA and f(N*[v])=1.

Therefore, f is a minimal directed vertex dominating function.

3. CIRCULAR TOURNAMENT CT (n)

Itis defined in [7]. That is, the vertex set of CT(n)is{u,u,...,u _ }. Foreachi,the
arcs are going fromu. tou., , u.,, ..., u, , where the |nd|ces are taken modulo n,
1<r<n-1.Whenr=1, CT(n) becomes unidirected cycle C C is defined in [5]
ie the vertex set and the arc set of C,, are {v o Vo eV Fand {(v,, V), (V, V), -0 (VL V)
respectively.

Theorem 3.1: Forn>3, a (CT(n)) = %1 l1<r<n-1

Proof: Let V(CT(n)) ={u,, u
Then Nf[u]={u,u

p Uy e U}
,u.} 1=0,1,. -1

i+1 "t i+r
1 .
Let f(u)=——,1=0,1,...,n-1
r+1

Clearly f(N*[u])=1,1=0,1,...,n-1
Also P'\B' =g

O f is a minimal directed vertex dominating function
0 a (CT(n) < L+i+ . n terms
r+1 r+1
=N
r+1
. n
e, a (CT(n)s — 1
L(CTM) < —— @)
Let f be a minimal directed vertex dominating function and a, (CT (n)) = | f |
i.e., a (CT(n)="f(u)+f(u)+...+f(u__) (2
Also f(N*[u]) =1, i=0,1,...,n-1

fuy+f(u,)+...+f(u,)=1 i=0,1,...,n-1
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Adding these ninequalities, we get (f(u)) +f(u) +... +f(u _)) + (f(u) +f(u,)

oAU+ () +E(U, )+ .+ (U, ))2nwheref(u) +f(u, )+ ...

+f(u , ) isnothing butf(u)+f(u)+...+f(u )
O a(CT(n)) +a, (CT(n)) + ... (r + 1) terms > n (By (2))
U r+1)a(CT(n)=n
. n
ie., a (CT(n)) = i1 3

From (1) and (3) we get

n

a (CT(n)) = i1

Corollary 3.2: For a unidirected cycle C—n with n vertices au(CTn) =

NS

Proof: When r =1, CT(n) becomes Cj,

O By Theorem 3.1, aa((:) = 2

4. UNIDIRECTED CATERPILLER

A source in a digraph is a point which can reach all others. An out-tree is a digraph
with a source having no semicycle.

Unidirected Caterpiller is defined as an out-tree with the property that the removal
of its points with out-degree 0 leaves an unidirected path B, = (v, v,, ..., v ). Also
od(v)=3,i=1,2,...,n-1andod(v) = 2.

That is, the number of vertices in this Unidirected Caterpiller is 3n.

Theorem 4.1: Let C be an unidirected caterpillar with 3n vertices. Then
a(C)=2n

Proof: Let Er; = (v, V,, ..., V) be the unidirected path got by removing the end

vertices of the caterpillar. Let s, v, be the vertices adjacent fromv,,i=1,2, ..., n.
Define f:V - [0, 1] by
f(s)=f(t)=1 i=12 ..,nand
f(v)=0, i=1,2,...,n
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Then N*[s]={s}, NTTt]={t} i=1,2, ....n
N*[v]={v,v,,t, s} i=12 .., n-1
N*[v]={v, t,s}

Clearly f(N*[v])=1vvOV

Also Pr\B/ =g

O fis a directed vertex dominating function.

O aa(6)5|f|zzf($)+zf(ti)+zf(vi)
i=1 i=1 i=1

=n+n+0
ie., a(C)<2n 1)
Let f be a minimal directed vertex dominating function and au(a) =]
Since  od(t)=od(s)=0,i=12,..,n,
f(t)=f(s)=1,i=1,2,...,n

0 a,(C)=3 f(g)+Y ft)+ Y f(v)
i=1 i=1 i=1
=n+n+ 3 f(v;
3 )

a(C)=2n E-

f f(vi)ZOE @

=1

From (1) and (2) we get
aa(é) =2n.

5. THE DIGRAPH

Unidirected cycle CTn isusedin[5]i.e., CTn isadigraph with vertex set{v,, v, ..., v }
and arc set {(v,, v,), (V,, V), ..., (V., V))}.

The digraph C, is defined as the n copies of unidirected cycles of length mwith
one vertex in common and all copies in the same direction.
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A

Example5.1: €§

O
Theorem 5.1: For
Yy m-2)n e
m= 3, aa(Cg):%+l if mis even
-(m=2)n, 1 if mis odd
2 n+1
Proof: Let u, be the common vertex and (u,, u,,), (U, U,), ..., (U, _,, U,) be the

arcs in the i " copy of Cj,, wherei=1,2, ..., n.
Casel: mis even.

Iff(u)=1,f(u (m_l)) =0, f(u (m_z)) =1,f(u (m_g)) =0,...,f(u)=1,1f(u,)=0,
i=1,2, ...,nthen

f(N*[u (m—l)]) =f(u, (m—l)) +f(u) =1
FIN"Tu, (m—2)]) =f(u, (m—2)) +f(u, (m—l)) =1

FN*[u]) =f(u) +f(u)=1
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where i=1,2, ..., nand
f(N*Tu ) =f(u,) +f(u,) +f(u,)+fu)+..+f(u)=1
Also P\B =g
Hence f is a minimal vertex dominating function on C—{T‘] .
Let g be a minimal vertex dominating function on CT?] and |g| = aa(C—r?]).
Then  g(N'[u, ) =9, ) +9(U) =1
IINU D) =9 ) + 9 ) =1

g(N"[u,D) =g(u) +g(u,) =1
where i=1,2,...,n
g(N"[u]) = g(uy) +g(u,) +g(u,) +g(u,) + ... +gu,) =1
Solving these equations,
Let g(u,) =x
g(ui (m-l)) + g(uo) =1=> g(ui (m—l)) =1-x

g(ui (m—2)) + g(Ui (m—1)) =1=> g(ui (m_g)) =X

g(u,)+9g(u,)=1=>g(u,)=1-x
g(N*[u) =9(u) +9(u,) +9(u,) +g(u,) +... +g(u.,)
=X+(1-X)+(1-X)+...n times

=x+n(l-x
=x(1-n)+n
O g(Nfu)=1=>x(1-n+n=1
0 x=1
22
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Hence, g(u) =1,9(u ) =09 _,) =1 09U, _,)=0 ... 9(,)=1
g(u,)=0,i=1,2,...,n

m-1

0 a(Ch)=nY ou)+o)
=1

N aa(a):|g|:@+1
Case2: mis odd.
1 -1 -1 -1
If f(u) = oy f(ui(m_l))— 1 f(ui(m_z))— 1 f(ui(m_3)) e

1 1
f(u)=——, f(u)=—— th
(u,) 1 (u,) 1 then

F(NTU]) = F(uy) +F(uy,) +F(u) +F(u) +... +F(u)

-1 +L +...,(n+1) terms
n+l n+l

=1

. _ 1 1
f(N [ui(m—l)]) _f(ui(m—l)) +f(u) = m + m =1

. _ _ 1 1 _
FIN"Tu, (m—2)]) =f(u, (m—2)) +i(u (m—l)) Y + el
f(N*[u])=f(u,)+f(u)= 1 + 1 =1
i1 i 2 T i1 n+l
i=1,2,...,n
Also Pr\B/ =g

Hence f is a minimal vertex dominating function on Cy, .
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Let g be a minimal vertex dominating function on C, and |g| = aa(C,';‘1 ).

Then g(Nu (D) =9y ) +a(u) =1
g(N+[Ui (m—2)]) = g(ui (m—2)) + g(ui (m—l)) =1

g(N"[u,D) =g(u,) +g(uy) =1
where 1=1,2,...,n
g(N"Tu.) = g(u) +9(u,) +9(u,) +gu) +... +g(u) =1
Solving these equations,
Let g(u,) =x
g(ui(m_l)) + g(uo) =1=> g(ui(m_l)) =1-x
g(ui (m—Z)) + g(ui (m—l)) =1=> g(ui (m—2)) =X

g(uy) +9g(u,) =1=>g(u) =X
g(N*Tu,]) = g(uy) +g(u,) +g(u,,) +g(uy) +... +g(u,)
=X+Xx+x+..+(n+1) terms

=(n+x)x
O g(NuD=1=>Mn+1)x=1
0 x= L
n+1
1
Hence g(u,) = _,g( | m- 1))_ ,9( - 2))‘ ,g( ey) = = —7
1 .
’g(|2)_ ’g(ll)_—l,lzl,z...n
24
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m-1

0 a(Ch)=ny o)+ ()
j=1

(m—l)n+ 1 .
2 n+1

O a(Ch)=|g|=
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