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1. INTRODUCTION

In the last years the interest for the study of problems involving the p-laplacian
operator have considerably increased. It is well known that —Aju= div(lVulP*Vu), so
for p =2 we obtain the classical Laplace operator. The simpler form of a differential
equation with the p-laplacian term is, for instance:

—Apu =flx, u) in Q,

where fis a C' function and is a bounded domain of IRY. After this first statement,
have been treated more general cases, for which is necessary the definition of weak
solution of the equation. Anyway, these concepts are by now well known. When we
deal with non-smooth nonlinear terms then the concept of weak solution fails and
the integral equation related to it becomes a differential inclusion or, more generally,
a hemi-variational inequality. To be more precise, two more general versions of the
problem, which are that we will affront, are the following:

Find u € E satisfying
(P) IIRN (IVul>Vu - Vv + blulP?uv + J°(x, u; v)) >0 for all v € E,

where E is a Banach space, b and J are two non-smooth functions whose properties
will be given in the sequel, and

Find u € W, ?(IR") satisfying
(P") [y (IVup >V - Vv + J°(x, u; v)) = 0 for all v € WP(IRY),

where J is non-smooth. Different techniques are available in treating problems with
discontinuous nonlinearities; here we will use variational methods. In particular, we
will apply a suitable version of the mountain pass theorem to the energy functional
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I related to (P) and to (P'). Even in the classical case, namely when b and J are
smooth, two difficulties arises:

(1) Idoesn’t satisfy a compactness condition of Palais-Smale type;

(2) for unbounded domains we lose the compactness of the embedding of
WiP(Q) in Ly(Q2).

To bypass the first problem we will use a version of the mountain pass theorem
which yields only a Palais-Smale sequence of I, while for the second one we will
exploit the properties of generalized gradient of non-smooth functions. When b and
J are smooth functions, then (P) and (P') reduce to

{-Au+ b(x)|uP?u=J(x,u)inIR"u € E,
and {—Apu =J'(x, u) in IRu € W *(IRY),

while for p =2 we obtain an elliptic hemivariational inequality. Both these problems
have been studied carefully, under various assumptions. One of the more interesting

. N
and general case occurs when is involved the critical Sobolev exponent (1.6. N B j,

4
that is when the growth of the nonlinear term needs not to be subcritical, but it is
allowed to be critical too.

In this work, we seek nonnegative solutions of (P) and (P'). The starting point
for this type of research stands both in [2, 13], where is proved the existence
of positive solutions for (P) and for (P') respectively, in the smooth case, and in
[3, 12, 20], where on examine elliptic problems in IR". As it is impossible to collect
all the references for the results concerning these kind of problems, here we recall
only the papers in which the assumptions are somewhat comparable with ours. The
elliptic case of (P) is treated in [12], where b is assumed to be locally bounded, non
negative and coercive, while the nonlinear term has the same kind of discontinuities
that will be taken into account in Theorem 4.1. To the best of our knowledge, [20] is
the first paper where the potential » may change sign; in treating (P) we will take
this same assumption, together with another that weaken the classical one on the
coercivity. Nevertheless, in [20] the growth of fis somewhat controlled by that of b,
and the problem is classical. Between the papers dealing with the p-Laplacian,
assumptions very similar to ours can be found in [13]: the nonlinear term is exactly
hu? + u”™', so the problem has a critical growth; in Theorem 3.2 we will take into
account a more general situation of that cited above. If the result of previous paper
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can be totally comparable with our, moreover can be seen as one of the possible
smooth versions of theorem 3.2, the same is not true for that exposed in [2], where
the nonlinear term is |u["*~?u, but the function on the left-hand side has an interval of
growth of integrability, fact that exclude one of our assumptions on b.

Before introducing the preliminary results, that will be exposed in Section 2, we
summarize the basic definitions that will be useful through all the paper.

Let (E, ||-||) be a real Banach space. If p > 0, we define B ={xekE: IIx|| < p},
B,={xeE:|x|<p},and 0B = {x € E: x| =p}.

We denote by E” the dual space of E, while (-, -) stands for the duality pairing
between E” and E.

A function g : E — IR is called locally Lipschitz when to every x € E there
correspond a neighbourhood U_of x besides a constant L_> 0 such that

lg(2) —gW)|<LJlz—w||Vz,we U.

If x, z € E, the symbol g°(x; z) indicates the generalized directional derivative of
g at the point x along the direction z, namely

g’ (x;2)=limsup g(w+tz)—g(w).

w—x, t—0" t

It is known (see [10], Proposition 2.1.1) that g° turns out upper semicontinuous
on ExE.

We denote by 0g(x) the generalized gradient of g at x, i.e.
ogx)={x" e E:(x",2) <gx; Z)Vz € E}.

Proposition 2.1.2 in [10] ensures that the set dg(x) is nonempty, convex, and
weak” compact. Hence, it makes sense to write

m () =min{|¥|. : ¥ € 9g()}.
We say that {x } c E is a Palais-Smale sequence at a given level d € IR for g if
g(x)—>delIRand mg(xn) -0,

while a critical point of g is any x € E satisfying 0 € dg(x), which clearly means
g'(x;z)>0forall z € E.

We denote by || and by || the usual norms on IR" and on L(IR"), for all
t € [1, +00), while W;*(IR") indicates the closure of C7(IR") with respect to the norm
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P p\P
I, = (7 1)
or to the equivalent one

s

. N
From now on we take p € [2, N) and we put p = N L As W r(IRY) is
4
embedded in L'(IR") for any 7 € [p, p'], for such ¢ we denote by ¢, the constant of the
embedding:

|u|, < ct||u||1,p Yu € Wi»(IRV).
Another embedding will play a basic role trough all the paper:
Wi»(IR") - L*(B,) compactly, for any s € [p, p'[,

soif {u } is a sequence bounded in W ”(IR"), then it converges strongly to some u €
L*(B,); a diagonal argument shows that u_ — u a.e. in IR"; the boundedness of {u }
in L'(IRY), together with its convergence a.e., allows to apply Remark 8 in [3], which
guarantees that u — u weakly in L'(IR") for any ¢ € [p, p'].
We first consider (P), that is the natural generalization of the classical problem
involving the p-Laplacian:
—Ap(u) + b(x)u'" = fix, u) in IR",
in which the nonlinear term f'is not necessarily continuous; after we will take into
account the situation in which b = 0. In all the two situations, we will impose two
different growth conditions on f; we emphasize that for bounded domains the second
one is more general than the first one, but the same is not true in IRY. In Theorems
3.1, 3.3, 4.1 and 4.3 too, we take into account the case of a function f: IR” X IR — IR
which is measurable and satisfies the following growth condition with respect to the
second variable, uniformly in the first one:
there exist g €]p — 1, p* — 1[ and C > 0 such that
fx, )] < C(Is)~ + |s]9) a.e. 1)
Under the assumptions above the integral function

F(x, s) = J:f(x, t)dt

is measurable in the first variable and locally Lipschitz with respect to s. En effect,
if we take any s € IR, and a 6 > 0, then
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‘F(xl,sl)—F(x, sz)‘é

.[:2 f(x, s)ds

<C((fs+8)"+(Js +8) Jls. =)

=LJs,—s|Vs,s, € B(s, 3).

In addiction to (1), we assume f satisfies:

) flx,s
E11)1101 ess sup{ (pl ) :(x,5) e IRY x(—, e)} =0, )
and
Ju>p:0<pF(x, s)SSJ_‘(x,s) a.e. in IRY x [0, +0], 3)
where

j_f(x,s)z limessinf{f(x,t):|t—s|<8},

e—0"

f = li - .
f(x,s) lim esssupf{f(x, t):]r—s| < 8}
We denote by F° and OF the generalized directional derivative and the generalized
gradient of F with respect to the second variable and we put
J(x, ) =—|sP™ = F(x, s) or J(x, 5) = —F(x, s),

accordingly to the situation in which we consider the critical or the subcritical case.
It is well known (see, for instance [9], [15]) that

f(x,1)zif z>0,

£ (t)2if 2<0, M4 OF ) E[L (50 T (50)]

Fo(x,t;z)é{

After we will take into account the situation of a measurable function f: IRY x IR
— IR satisfying (3) in add to the following one:

thereexistg € [0,p" - 1[,relp-1,p"—1[,t € [p,p’]l,t>qg+ 1, C>0and a function

h>0, h e LO(IRY) N LI(IRY), with 6——— such that:
t— (q + 1)
|flx, )| < h(x)|s|? + Cls|” V(x, 5) € IRY x IR. 4)

As done above, we denote by F° and OF the generalized directional derivative
and the generalized gradient of F with respect to the second variable; J too has the
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same structure. It is a simple matter to verify that F is locally Lipschitz, but not
uniformly in x. In both cases the following Lemma hold:

Lemma 1.1: There exist C,, C, >0 such that f{x, s) > C;s*' — C, for a.e. (x, 5) €
IRY x [0, +1].

Proof: The proof carries out in the same way in the two situations. For more
details see [12], Lemma 5.

When we deal with the problem (P), we have to give some basic assumptions on
b. Let b : IRY — IR be a measurable function and B a nonnegative real number. We
assume that

b(x) >-B a.e. 5)

In several papers on impose that lim __ b(x) = oo; here we weaken this assumption
by taking condition (6) that we are going to give. If G is an open subset of IRY and s
€ [p, p’[, we set

and

vS(G)= inf .[G|Vu|p+b|u|p.

ue (G)

We require that for any > 0 and any sequence {x } < IR" which goes to infinity
one has

lim v, (Bn) = +00, (6)

where B = B(x , r).
Let E be the space:
L,p N\. p
E= {u eW, (IR ).LRNb(x)|u| < +oo}.
Our last assumption is the following:

Ay = inf [ [Val" +b|u" > 0.

e, =1

(7
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2. PRELIMINARIES

This section is devoted to the statement of all the auxiliary results that will be used
in the proof of the main theorems. The following version of the mountain pass theorem
for locally Lipschitz functions whose don’t satisfy the classical Palais-Smale condition
plays a basilar role in showing the existence of solution to (P) and to (P').

Theorem 2.1: Let E be a real reflexive Banach space and let I : E — IR be a
locally Lipschitz function, with /(0) = 0. Assume that there are o, p > 0 such that
I(u) = o on OBP and that there is e € E, with |e| > p, such that I(e) < 0. If we set

[:={y e C(0, 1], E): v(0) =0, y(1) = ¢}

and

c=1inf sup f(y(t)),

1<l 10,1]

then there is a (PS)_ sequence for /.

The following Lemmas and Propositions enable us to introduce the properties of
E and yield a sufficient condition in order to (6) holds, in add to an equivalent one.
In the sequel, we will omit the dependence from x € IR of the functions involved.

1
Lemma 2.1: Assume (5) holds. If u € E, then |b|r ue L’ (IRN ) )

Proof: Let be u € E. By using (5) we obtain

.[IRN b

1

y

.[ —b|u|p+_[ b|u|p
b<0 b>0

- bs()b|u|p _.[bs()b|u|p +-[IRN b|u|p

u|p + LRN b |u|p

=2| bluf"+| bl <2B
RY b<0

b<0
<2B[ull + ] blul <.

Proposition 2.1: Assume (5) and (7) hold. Then

4 =(f,e

1
val +blul’ )
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is a norm on E. Furthermore there is ¢ > 0 such that |u], i &||ul| for any u € E and
IIll, ,and |||| are equivalent.

Proof: The first statement is obvious, so we begin by proving the inequality
[|uel - C||u|| for any u € E. Assume, on the contrary, that there exists a sequence
{u } < E such that
"+b

V ul‘l ul‘l

» 1
[l,]I, ,=1and LRN S; for any n € N.

un
P
n

Put v, = Then v ||, =1. As | Vv [P+ blv [P 2 &, from this we deduce that

IRV

n

1 .
LRN Vu, | +blu,|” >, |u i, SO |u, i < — and u — 0in L7(IR"). Due to (5), we get
ni,

p o1 b1,
IRV n

Vu

—Blu .

n

u

n

p
< j b
P IR

and passing to the limit for n — +co we obtain the contradiction 0 <—1. We pass now
to verify that E is a Banach space with respect to ||[|. If {« } is a Cauchy sequence

with respect to ||-||, then there is u € W,” (IRN) such that u, — uin W, (IRN) .Due

1
to Lemma 2.1 |b|; u L’ (IRN ) for any n € N and the same arguments of the above

1 1
Lemma show that {|b|p un} is a Cauchy sequence in L7(IRY), so |b|? u, = v in /(IRY)

1
P, a, e; So

and a.e., up to a subsequence. As u, — u a.e. we deduce that v =|b

1 1
|| u, — |b|r u in LP(ARY); bearing in mind that Vi, — Vi in L’(IR"), we conclude

that u —>u in E.

p

N-p

Lemma 2.2: Let Q c IRVbe anopen setandlet p<s <7< . Then there is

a, €[0, 1] such that
v(Q) = C(s, t, N, M)(v (Q))“.
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N
If p<t<s<N I then there is o, > 0 such that
-pP

v(Q) = C(s, t, N, M)(v (Q))*.
In particular vV, =V, forany ¢ € [p, p'[.

Proof: Due to previous Lemma and Gagliardo-Niremberg inequality we can

write
inf M > inf w > l inf M
Vt(Q) = MeW(}vﬁ(Q)\{()} |u|l’ - ueWOI'”(Q)\{()} C|u|cx17 |u|p(l—cx) - C MEWOI.W(Q)\{()} up

N

= -(v.(Q)".

The proof of the second inequality carries out in the same way.

Lemma 2.3: Condition (6) holds if and only if
lim, .. v, (IRN \ER) = +o0. ®)

Proof: We observe that v (©2)) <v () for all Q < Q.. If (8) holds then for any
M >0 we can find R >0 such that for any R > R one has Vv, (IRN \ER) > M. If we

fix 7> 0 and a sequence {x } < IRY which goes to infinity, than B,  IR" \ B, forn

sufficiently large, so, for such n, v (B ) > M and the conclusion follows immediately.
For the second part of the proof we suppose by contradiction that we can find two
sequences {R } < IR and {u } c E such that R — +oo,

suppu, IR\ B, |[u |P < Cand |u | =1 forany n € N.
As {u } doesn’t go to 0 in L*(IR"), due to a classical compactness result
(see [14]) we can find a sequence {x } < IRY and a number r, >0 such that | Bx ,r0)|un|s
>c,>0.Being suppu, < IRY\ ERn, forany n € Nthereisapointy € B(x , r,) such

that[y | >R soR <|y|<r, +|x|and |x | — +00. Now, for any n € N we take a
function ¢ € C*(IR") with the following characteristics:

0<¢ <1,0, =0inIR"\B(x,2r), ¢ =1inB(x,r).
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The functionv =@ u is boundedon E, suppv < B(x ,2r ) and IB 2000 v > | By
0 v = | B 1) |l |’ c, > 0. From these inequalities we infer that v (B ) < L for any n
€ N and this contradicts ours assumptions.

We omit the proof of the next Lemma, because it is the same of that given in

[20], Lemma 2.3.

Lemma 2.4: Let {w } < IR" be a sequence of open sets, with lim____|w | = 0.
Then, for any C > 0 and for any s € [p, p’[ one has

liIP { sup L |u|YJ =0.

., <c

Lemma 2.5: Assume that for any M, r> 0, {x } IR, with lx | — +0, one has
lim |2, N B |=0, where Q = b7'([-o, M]). Then (6) holds for any s € [p, p[.

n—>+0

Proof: Thanks to Lemma 2.3 it suffices to prove (6) only for s = p. Suppose by
contradiction that (6) is not satisfied for s = p. We can find a number > 0 and two

sequences {x } < IR" and {un} cW,? (B”) such that

e | = 400, [, [V +blup < Coand [, up=1.

Now, we fix M > 0 and we put QM, n= QM NB; bearing in mind (5), we get

Jou,? 2,,b

=

p p

p p
+ b +M
B,,\QM,n

ul‘l

u u

n

u

n

n n

C2|u,| = L;nb

Bn \QM.n

p

u u,

n

P
+MI
Bn\QM,n

p
u

n

p+MIB

—(B+M)J.QM’H u,

= ~(B+M)[, |u, "+ M. )

Recalling that lim __|Q  |=0, for n sufficiently large we can write
[ Ju
QM .n

. M : .
so we infer C > > which is an absurd, as M is arbitrary.

P M
2(B+M)’

n
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Lemma 2.6: If (5), (6) and (7) hold, then E is compactly embedded in L'(IR") for
any 7 € [p, p’].

Proof: Letbe u, — 0 in E; then [ju || <K, u — 0in L'(B,) for any R >0 and a.e.
If we choose ¢ € C*(IRY), p=00on B,, p=10onIR¥\B, ,,0<¢ <1, then we obtain

o |, < 1L = @)t |, + lpue |,
1 1 1 1
t

R (A
= u u = u u .
Bpy ! " IRY\B, ® |ty Bpy ' " IR¥\B, ! "

Due to (6), fixed any M > 0 the following inequality holds for a suitable R > O:
v (IR¥\ B,) > M,

. |1 K
corresponding to such R and to € > 0, € <min {M’ E}, we can find 7 € N such

that | BR+1|un|t <eforany n > n. Bearing in mind the definition of v, (5), and the fact

that IQ|un|’ <eforany Q c B, , we can write

R+1°

1

t

JIRN\BR ty t < v, (IRN \BR)'LRN\BR |V14n b o
1 t b t b t
< g e 7 T =L e
[ +BJ, blu| k. pe 2K
v,(IR"\B,) ~ M M~ (10)
SO
1 1
u| g(ij’ +(2—Kj V> (11)
M M
and u —> 0 in L'(IRY).

After stating those preliminary results, we pass now to the construction of the
energy functionals: we treat in parallel all the situations that may occur because
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their behavior is similar. For our convenience we assume f(x, s) =0 for any s < 0. In
the first case, namely when (5)—(7) and (1)—(3) hold, the functional

CD(u) - .[IRN (J':(")f(x, t)dt) = LRN F(x, u(x))dx

is well defined and locally Lipschitz on E. In fact, if we take u, € E, >0, and u, v €
B(u,, 5), then the embedding of E in L'(IR") and Holder’s inequality ensure that we
can find LMO > 0 such that

D) - D) <L, flu—v].
As our goal is to treat the case when b = 0 too, we explicitly observe that,

independently from conditions (5)—(7), can be defined on the whole space W,” (IRN )

and, beside to be locally Lipschitz in this space too, the following well known
properties hold:

o D) (u v)S(D:;(}_,, (u; v)Vu,veE;
. (1)3/01,,, (u; v) < LRN F° (x, u(x); v(x))dx < J.Koj_‘(x, u(x))v(x) dx
+J‘)>Of(x,u(x))v(x)dx Vu,veWOl”’ (IRN);

e 00, (u) c 8CI>W1_p (u)

The first inequality blows from the definition of generalized directional derivative,
the proof of the second one is substantially the same of Lemma 2.6 in [15], while the
third one can be found in [9]. It is worthwhile to punctuating that for any w € 0®(u)

and any ve W,"” (IRN ) one has

J‘KofvSJ‘)<0]7V+L>0]_CVS<W,v>SJ.‘)>0]_Cv+L<0]_Cv§J.V>O]?v, (12)

Kw, v>‘ < C(LRN

el ) < (), b L) a3

q+1

and

L fu S<w, u> < Ju>0]7u.

>0 —
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If we assume (4) and (3) in place of (1)—(3) then

lI’(u) = LRN F(x, u(x))dx
is well defined and locally Lipschitz on E. In fact, if we take u € E, 0>0,and u, v
€ B(u,, d) then
Y (@) - YO < (hlya, +a) [lu—],
where a,, a, depend from d, t, g, r and c. Now, as above, ¥ can be defined on

W," (IRN ) and, beside to be locally Lipschitz in this space too, arguing in a standard

way and owing to the Fatou’s Lemma we obtain the same inequalities written above
for ¥, in add to (12), while (13) takes now the form:

Kw, v>‘ < (LRN h (x)|u|q |v| +C

r r

u u

V) <[ o, + €

r+l r+l ( 14)

3. THE CRITICAL CASE

We begin by taking into account the case in which the nonlinearity can be critical,
but it is necessary to point out that the term with critical growth is classical, so (P)
and (P") can be written as:

Find u € E satisfying
(P) [y (IVuP~2Vu - Vv + blup2uv ~fulp™2uv + (=F)°(x, u; v) 20 Vv € E,

and

Find u e W,” (IRN ) satisfying

P LRN (IVup=>Vu - Vv —[uf?uv + (=F)°(x, u; v) 20 ¥v € W »(IR").
When we deal with (P) the energy functional is either
1 P 1 p*
I(u)— p”u” p* uj CD(u) YuekE,
or
1) =l ~—uf —¥ () VucE.
p p

Classical properties of generalized directional derivatives, together with all the
others cited in the previous section, allow us to majoring I°(u; v) in the following way:



108 Guiseppina Barletta

IP(u;v) = IIRN(|VM|”*2VM - Vv + blulP?uy — |uf*uv) + (—@)°(u; v)
> IIRN(|VM|”*2VM - Vv + blulP?uy — |ufuv) — (w, v),
where w € 0¢(u), while for 1”(u; v) we actually have
I(u;v) = IIRN(|VM|”*2VM - Vv + blufuv — ul~uv) + (=¥)°(u; v)
> IIRN(|VM|”*2VM - Vv + blulP?uy — |uf “uv) — (w, v),
where w € 0D (u).

When b =0, namely when the problem becomes (P’), both / and I, are defined on
W, (IRN), but their structure is the same, that is the norm of u to the p-power
minus a function. We begin the section with two lemmas regarding the Palais-Smale
sequences of [ and of /. It is superfluous to stress that we will give the proofs for the

first case only, because when b = 0 they carry out in the same way.
Lemma 3.1: Any (PS)_ sequence of I and of /| is bounded.

Proof: We begin by examining the behavior of the (PS)  sequences of /. If {u }
is a (PS)_sequence for I, then m (u ) — 0, so for any n € N there existw € 0l(u ), as
well as w € d(u ) such that

* (w,V)= IIRN(|VMH|”*2VMH Vv +blu [Pu v —|u [Pu v) —(w ,v) Vv € E;

el > 0

Thanks to (3), we can write

1 1
CD(un) < ;.[IRN u, (x)[(x, u, (x))dx < ;<wn, un>‘v’n eN;
if we choose v = min{, p"} then we obtain the inequalities below, from which the
boundedness of {u } follows immediately:

1 1 — 1
Iu) = I(un)—;<wn,un>+;<wn,un>2vap u, p—q)(un)+;<wn,un>
+p'*—v unp:—l|wn -\, Zv_—punp—l|wn Al |-
pVv Py E vp v E
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Arguing in the same way, we obtain

p 1
o =]
\

W, || 8|5

I, (u,)> Vv‘pp

and the Lemma is totally proved.

Lemma 3.2: Any (PS)_ sequence, nonnegative a.e., satisfies Vu — Vu a.e. in
IRY.

Proof: We give only a sketch of the proof, which follows essentially the lines of
that of Lemma 7 in [13], so we refer to that paper for more details. Let {u } be a
(PS)_ sequence for I, non negative a.e. Then we can suppose that u — u in L'(IR")
for any ¢ € [p, p’] and a.e., as well as u > a.e.; furthermore

J
AN =
u” —u” +Y Vs, =v,
i=1

while for {Vu } we may assume that
Vu ) —np

for some measure . If there is i such that v, > 0 then we choose an € > 0 such that

B (x)NB (x)=0Y,#k

1
xk|<2— Vk=1,..,j

0

and we put
A =B, \Ui,B.(x,).
2e
Let p and € be two real numbers satisfying 0 < e < p and ¢ a function belonging

to C;(IR") such that ¢ =1 on B,,¢=0 on B, . Starting from we construct a new
2

X=X,

function: ¥, (X) = d)(ex) - Zli—l(b(

J . We can write
€

0 < [ (IVul>Vu —|Vul>Vu) - (Vu_—Vu)
p
[~V P2Vu, — |Vup2Vu) - (Vu, — Vuyb.
[ (Vo b~ |V 2V - Vuh — |Vulp?Vu, - Vi + [Vuf)

IA
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- Lo
I,

L 1vaP VU, VP )

Vu,

"0 buh, —ul b, )=, )

Vu,

p-2 Vun . VuibE + bui’*luﬂ)e — M,’,’**‘uwg ) — <Wn , Mle >}

+LRN (—buflbs +bu” ul_ +ul b —u " u), ) + <Wn , (”n - u) U, >
= (W, 1,00 = [aVie P2V, - Vi) = (w,, )

— [V VU V) -1+,
=1, -5, -1 +I .

1,n,¢e 2,n €

€

It is obvious that lim __(w, M,}@ =0, as well as lim __(w, M,}@ =0, so,
owing to Claim 3 at p. 65 in [13], we can affirm that

lim/,, =lim/l,, _=0.
n—>+0 n—>+w
It is a simple matter to see that lim [ = 0, so we have only to examine
n—>+o 3, n, €

1 net Now, (13) yields

(. (, ).

-1
SC(J‘IRNM,’Z un—u|1bE +u! un—u|lb€),

s0, bearing in mind the properties of {u,f Mu, —u } , {u,‘f u, — u|} and of {_we conclude
that
nlirpw<wn, (u, —u)lbe> =0
and, finally
lim 7, , =0.

n—>+00

When we deal with 7, we proceed in the same way. The only difference stands
in (1)), , ., for which we have

(1, )4,’“ = LRN (—buflbs +bu’u. —ul", —uf*flulbs)+<wn, (u, —u)mb5>,

withw € d(u ) and
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u, —u|le +Cu,

KW"’ (un —u)we> < (LRN h(x)ufj

Now, arguing as above, we conclude that

un—u|1be). (16)

lim (11) . =0.

n—>+o0 4,n,

We have so proved that

tim [ ((Va, " Vu, =|Vu ™ V) (Vat, = V) =0,
n—+o JA,
The same result holds also when v, =0 for any i = 1, ..., j. Finally, the same
reasoning made at p. 66 in [13] leads to the conclusion. It is although obvious that
when b = 0 we proceed exactly in the same manner.

Theorem 3.1: Assume (1)—(3) and (5)—(7) hold. Then (P) has a solution which
is non negative a.e.

Proof: The proof is quite standard and we split it into two parts. In the first of
them we show that we can apply Theorem 2.1 to the energy functional related to (P),
and in the second one we prove that the critical point obtained turns out a non negative
solution to (P). For the sake of completeness we remember that

1
p*

1 .
IHE—> IR I(u)=—|u|" ——|u|, —®(u)

p P
is locally Lipschitz on E; we have to verify the mountain pass geometry. Obviously

1(0) = 0. Letbe ve C (IR¥)\{0}, v>0 a.e. Then

v

I(tv):%”v”p ! i:—(D(tv) forany >0

p*
*
p

and Lemma 1.1 allows us to write

l‘p tv(x) _ lp
L e (At A TR

_ar
il

Ct"
il

LRN W Cyt |v|i +Cyt]y] - (17)

=T -
IRY
p
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Being p > p we can conclude that there is 7 =0 such that
I(v)<0 V2T, (18)
In a standard way we obtain that for any € > 0 there is a number A_> 0 such that
flx, s) <es”' + As?Vs>0
and from this last inequality we infer

oy AT,

q+1

A
qg+1

gq+1

Yuek,

CD(u _—| | +—

where c, and c are the constants of the embeddings of W (IRN ) in L(IR") and in

L4(IR"), while ¢ is that obtained in Proposition 2.1. If |ju|| = p then

g+l

7, AK,

p p*
1(u)> 2 (1-ck,)-Pcr - P
p p g+l
and for € and p sufficiently small one has
I(u) > B >0. (19)

So, we can apply Theorem 2.1 to I, which guarantees the existence of a (PS),
sequence for 1. Now, we point out two facts:

* ify e I'then |y| € I too, because e =1tv >0 a.e.;
* A(lu]) < I(u).

By virtue of the remarks above we can assume that the (PS)  sequence obtained
through the mountain pass theorem is non negative a.e. Let {u } be such a sequence.
Due to Lemma 3.1 {u } is bounded, so we can extract a subsequence which converges

weakly in E and in W’ (IRN ), and a. e. in IR" to a function u > 0 a.e. Lemma 3.2
guarantees that Vu_— Vu a.e.; being {Vu } bounded in L7(IR") we can apply Remark
8 of [13] and we obtain

lim [ vVupP?Vu -Vo=] v|Vup?Vu-Vo Vo e W) (IRN). (20)

n—>+0

An analogous result holds for blu [ *u_ and for |u [/~ u_

lim [ vblu?u o= ybu?up Vo ek, (21)

n—>+0
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lim (vl u o= vur~ue Yoe W (IRN ) (22)

n—»+w

while for {w } we actually have

lim _ (—w,v)y=(-w,v) Vv e W,* (IRN )

n—>+0

and
(~w vy = (w,, ) <[ FCx, u; —v)
= IIRN(—F)O(x, u;v)VvneN,Yve W” (IRN).
Due to the properties of f and of {u }, after passing to the limit we can write
(=w, v) < IIRN(—F )°(x, u(x); v(x))dx Vv € WP (IRN ) (23)

Finally, we remember that [|w ||, — 0, and this, together with (20), (21), (22)

and (23) yields
IIRN(|VM|”*2VMVV + blufuv — ufuv + (—F)°(x, u; v) 20Vv € E

and u turns out a non negative solution to (P).

Theorem 3.2: Assume (3), (4) and (5)—(7) hold. Suppose furthermore that
In|, < Llﬂ gPa-!
° 4p(éc,)

for some s € IR satisfying

(Ecp* )p* Sp*,p + C(ECrJrl )rJrl sr+lfp < L
p* r+1 2p’

whenever g + 1 —p <0. Then (P) has a solution which is non negative a.e.

Proof: We begin by proving that /, has a mountain pass geometry. This part of
the proof is very similar to that of Lemma 3 in [13] so we omit some detail. Firstly
we observe that:

(s <AL CBE
B S | r+1

for any s € IR,
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SO
C ” C g+ ~ r+l
I(u)=> %”u”,, _%”u ,,* —m;c—fl)"u o % e
C * " * h C a+ ~ r+l ‘
= ||u||p l_@”M p¥*=p _He(Ltl)”u g+l-p _M”u r+l-p
p p q+ r+

g+l-p
|

p*-p _B”M

r+l-p ]

Now, bearing in mind the condition imposed on |z| @ when g + 1 — p <0, surely
we can find a p > 0 such that I(z) > 0 whenever ||u|| = p. The proof of

I(e) <0 (24)

1
- [ £-al

is the same of that of previous theorem. Now, Theorem 2.1 yields a (PS)_ sequence
of 1. Arguing exactly as above we obtain that the sequence found converges to a
point # which is a non negative solution to (P).

Theorem 3.3: Assume (1)—(3) hold. Then (P') has a solution which is non
negative a.e.

Theorem 3.4: Assume (3), (4) hold, in add to

|h| < q_"'lspqul

O 4pct!
for some s € IR satisfying
p* r+l
S grr  SCr ey ! ;
p* r+1 2p

whenever g + 1 —p <0. Then (P') has a solution which is non negative a.e.

Remark 3.1: All previous results don’t guarantee that « is a nontrivial solution,
but under some additional assumption on f we obtain a nontrivial, positive solution
for (P").
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Corollary 3.1: Assume (3), (4) hold, with C =0, in add to

e
O 4pct!
for some s € IR satisfying
p*
S s < —
p* 2p

whenever g + 1 — p < 0. Suppose furthermore that f(x, s) > 0 whenever s > 0. Then
(P') has a positive solution.

Proof: The only difference with respect to previous results stands in the choice
of the function e. In fact in this case we take

N
|:N€N_f '

p—
w, (x)= N
L\

(8+|x|plj
It is well known that |wE " =lw, Z =C;>fv. As
( 7 ot C[;fv
I(twe)—(;—ﬁjclﬁ —\P(twe)<(;—ﬁjcp* < N (25)

-N
C,.
it is obvious that we can take ¢ > O such that I(1w) < 0, as well as ¢ <—2—. Now,

assume by contradiction that the nonnegative (PS)_ sequence obtained trough the

mountain pass theorem converges weakly to u = 0. Then the following equalities
hold true:

lim <wn,un>= lim ‘P(un)=0;

n—>+o0 n—»+w

from these we deduce that

lim
n—+oo

p*
£ :l’
P

4 .
= lim

n—+w0

ul‘l

ul‘l
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SO

As I(u ) — ¢ we obtain

which contradicts previous inequality.

Remark 3.2: The result above is the nonsmooth version of Theorem in [13],
where the function fis exactly A(x)s?.

4. THE SUBCRITICAL CASE

When we deal with a problem with subcritical growth we can give a more precise
result; in fact in this case we can guarantee that the solution is nontrivial. It is obvious
that from now on we take:

)= J - (w)

and
Ly
1, (u) =~ =¥ (w).
p
Lemma 4.1: Any (PS)_ sequence of / and of /| is bounded.

Proof: Arguing exactly as in Lemma 3.1 we obtain the inequalities below for
any (PS)_sequence of I and of 1 :

Ly e
) = ~|u| -
() = ] - (x)
w—p p 1 14 1 1
= +— - > %n +— n>“n - n
wp u, u, H<Wn u > M<\’V u > (l/{ )
w—p p, 1 1
= +— > "n +— n’“n _CD n
2 L)+ L) o)
ko, p_1|wn -
up i
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P

b

w-p u

1
Il (un) 2 |
up B

wﬂ ul‘l

E*
Lemma 4.2: Any (PS)_sequence, nonnegative a.e., satisfies Vu — Vu a.e. in
IRY.

Theorem 4.1: Assume (1)—(3) and (5)—(7) hold. Then (P) has a solution which
is positive a.e.

Proof: We consider

1
I:E—>IR I(u)=—
()=

u p—(D(u).

n

Arguing exactly as in Theorem 3.1 we find u, a nonnegative solution to (). Our
goal is to show that u # 0. Being {u_ } a (PS), sequence, for n sufficiently large we
are able to write

no

c 1
0<E£I(un)—;<w un>

Il
(e)
|
S
—_
<

S
~
+
7~
S
<
~—
IA

<wn ’ un >

S
N |-

1 - C
< ; o U (x)f(x, u, (x))dx < ;(|un |z +

g+l

") 6

uﬂ

so we infer that {u } doesn’t go to 0 in L7(IR") or in L**'(IR"). Due to Theorem 2.6
u — u both in I7(IR") and in L**'(IRY), so it is immediately seen that u > 0 a.e.

Remark 4.1: The solution u found throw previous theorem satisfies the following
differential inclusion:

—A,(u) + b|u|pi2 ue [}_C(x, u(x)), f(x, u(x))] a.e.

and hence the result can be seen as a generalization of Theorem 2 in [12].

Theorem 4.2: Assume (3), (4) and (5)—(7) hold. Suppose furthermore that

r—q-1

r+l

| | q+1 l"+1 e
o 4p(5ct)q+1 2pC(Ec )Hl

whenever g + 1 —p <0. Then (P) has a solution which is positive a.e.
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Theorem 4.3: Assume (1)—(3) hold. Then (P’) has a solution which is non
negative a.e.

Theorem 4.4: Assume (3), (4) hold, in add to

r—q-1

|h| < q+1 r+1 r+l=p
0 4pctq+l 2pCCr+l

r+l

whenever g + 1 — p <0. Then (P') has a solution which is non negative a.e.

Corollary 4.1: Assume (3), (4) hold, with C =0 in add to

g+1

r—q-1
g+l ’
t

|h|9 < 2pC

for some s > 0, whenever ¢ + 1 — p < 0. Then (P’) has a solution which is non
negative a.e.

Proof: Let u > 0 be the nonnegative solution to (P'). Then

0<< <
2

A
I~
—~
<

B
~—

|
N |-
P

£

<

B
~——

%<wn, un> < %LRNh(x) u''dx (27)

so passing to the limit we infer that

IN

g+l

t b

h
0< % < .[IRN h (x)u’”ldx < %h{

and hence u # 0.
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