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Abstract. In this paper, some relations between generalized Fibonacci polynomials and Bernoulli

polynomials, generalized Lucas polynomials and Euler numbers, and generalized Lucas polynomi-

als and Euler polynomials are established.

1. Introduction

We consider a polynomial sequence {Wn(x)} defined by

Wn+2(x) = P (x)Wn+1(x) + Q(x)Wn(x), n = 0, 1, 2, . . . . (1.1)

Obviously, when W0(x) = 0, W1(x) = 1, {Wn(x)} reduces to the generalized Fi-
bonacci polynomial sequence {Un(x)}, and Un(x) = αn−βn

α−β , where α = P (x)+
√4x

2 ,

β = P (x)−√4x
2 and4x = P (x)2+4Q(x); when W0(x) = 2, W1(x) = P (x), {Wn(x)}

reduces to the generalized Lucas polynomial sequence {Vn(x)}, and Vn(x) = αn +
βn. Moreover if P (x) = p, Q(x) = q, p and q are integers and p > 0, sequences
{Un(x)} and {Vn(x)} are just the generalized Fibonacci and Lucas numbers se-
quences {Un} and {Vn}. About the above mentioned polynomials and numbers,
there were many results obtained in [3]- [6].
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Recently, T. Zhang and Y. Ma [2] established the following identity:
∑

a1+···+ak+b1+···+bk=n

Ua1(x)
a1!

· · · Uak
(x)

ak!
Bb1

b1!
· · · Bbk

bk!
(√4x

)b1+···+bk =
(kβ)n−k

(n− k)!
,

(1.2)

where Bi(1 ≤ i ≤ k) are Bernoulli numbers, which are defined by

t

et − 1
=

∞∑
n=0

Bn
tn

n!
. (1.3)

Furthermore, Euler numbers En, Bernoulli polynomials Bn(x) and Euler polyno-
mials En(x) are defined by [1]:

2et

e2t + 1
=

∞∑
n=0

En
tn

n!
, (1.4)

tetx

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
, (1.5)

2etx

et + 1
=

∞∑
n=0

En(x)
tn

n!
. (1.6)

And the following formulae hold: Bn = Bn(0), En = 2nEn( 1
2 ).

Identity (1.2) established the relation between the generalized Fibonacci polyno-
mials and the Bernoulli numbers. In this paper, we use elementary methods to
establish the relations between generalized Fibonacci polynomials and Bernoulli
polynomials, generalized Lucas polynomials and Euler numbers, and generalized
Lucas polynomials and Euler polynomials.

2. Main results

Theorem 2.1. For positive integers k and n, there exists the following identity:
∑

a1+···+ak+b1+···+bk=n

Va1(x)
a1!

· · · Vak
(x)

ak!
Eb1

b1!
· · · Ebk

bk!

(√4x

2

)b1+···+bk

=
2k−n(kP (x))n

n!
.

(2.1)

Theorem 2.2. For positive integers k and n, we have the identities:

∑

a1+···+ak+b1+···+bk=n

Ua1(x)
a1!

· · · Uak
(x)

ak!

Bb1(
−β√4x

)

b1!
· · ·

Bbk
( −β√4x

)

bk!
(√4x

)b1+···+bk = δn,k,

(2.2)

where δ is the Kronecker delta.

Theorem 2.3. For positive integers k and n, we have the identity:

∑

a1+···+ak+b1+···+bk=n>0

Va1(x)
a1!

· · · Vak
(x)

ak!

Eb1(
−β√4x

)

b1!
· · ·

Ebk
( −β√4x

)

bk!
(√4x

)b1+···+bk = 0.

(2.3)
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Now we give their proofs.

Proof of Theorem 2.1: By means of Vn(x) = αn + βn, we can easily obtain the
generating function of Vn(x):

V (x, t) =
∞∑

n=0

Vn(x)
n!

tn =
∞∑

n=0

αn + βn

n!
tn = eαt + eβt = eβt(et

√4x + 1). (2.4)

So, we have

V (x, t)
2e

√4x
2 t

et
√4x + 1

= 2eβt+
√4x

2 t.

From (1.4) and (2.4), we have

( ∞∑
m=0

Vm(x)
m!

tm
)( ∞∑

n=0

En

n!
(√4x

2
t
)n

)
= 2e

P (x)
2 t,

then k times on the both sides of the above identity, we get
∞∑

n=0

∑

a1+···+ak+b1+···+bk=n

Va1(x)
a1!

· · · Vak
(x)

ak!
Eb1

b1!
· · · Ebk

bk!

(√4x

2

)b1+···+bk

tn

= 2k
∞∑

n=0

1
n!

(kP (x)
2

)n
tn.

Comparing the coefficients of tn on the above, we immediately obtain the identity
(2.1). ¤

Proof of Theorem 2.2: In view of Un(x) = αn−βn

α−β , the generating function of Un(x)
is

U(x, t) =
∞∑

n=0

Un(x)
n!

tn =
∞∑

n=0

αn − βn

(α− β)n!
tn =

eαt − eβt

α− β
=

eβt(et
√4x − 1)√4x

. (2.5)

Therefore, we have

U(x, t)
t

t
√4x · et

√4x· −β√4x

et
√4x − 1

= 1.

From (2.5) and (1.5), we get

( ∞∑
m=0

Um(x)
m!

tm−1
)( ∞∑

n=0

Bn( −β√4x
)

n!
(
t
√
4x

)n
)

= 1.

Then k times on the both sides of the identity, we have

∞∑
n=0

∑

a1+···+ak+b1+···+bk=n

Ua1(x)
a1!

· · · Uak
(x)

ak!

Bb1(
−β√4x

)

b1!
· · ·

Bbk
( −β√4x

)

bk!

×(√4x
)b1+···+bktn−k = 1.

Comparing the coefficients of tn−k, we easily obtain the identities (2.2). ¤
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Proof of Theorem 2.3: By (2.4), we also have

V (x, t)
2e

t
√4x· −β√4x

et
√4x + 1

= 2.

From (2.4) and (1.6), we get

( ∞∑
m=0

Vm(x)
m!

tm
)( ∞∑

n=0

En( −β√4x
)

n!
(
t
√
4x

)n
)

= 2.

Similarly to the proof of Theorem 2.2, we immediately obtain the identity (2.3).
¤

In the following, we will give some special cases of the Theorem 2.1, 2.2 and 2.3.

Taking P (x) = x and Q(x) = 1, (2.1)-(2.3) reduce to the following

Corollary 2.4. For positive integers k and n, we have the formulae:

∑

a1+···+ak+b1+···+bk=n

La1(x)
a1!

· · · Lak
(x)

ak!
Eb1

b1!
· · · Ebk

bk!

(√4x

2

)b1+···+bk

=
2k−n(kx)n

n!
,

∑

a1+···+ak+b1+···+bk=n

Fa1(x)
a1!

· · · Fak
(x)

ak!

Bb1(
−β√4x

)

b1!
· · ·

Bbk
( −β√4x

)

bk!
(√4x

)b1+···+bk = δn,k,

∑

a1+···+ak+b1+···+bk=n>0

La1(x)
a1!

· · · Lak
(x)

ak!

Eb1(
−β√4x

)

b1!
· · ·

Ebk
( −β√4x

)

bk!
(√4x

)b1+···+bk = 0,

where β = x−√4x
2 , 4x = x2 + 4.

In Corollary 2.4, let x = 1, we get

Corollary 2.5. For positive integers k and n, we have the formulae:

∑

a1+···+ak+b1+···+bk=n

La1

a1!
· · · Lak

ak!
Eb1

b1!
· · · Ebk

bk!

(√5
2

)b1+···+bk

=
2k−nkn

n!
,

∑

a1+···+ak+b1+···+bk=n

Fa1

a1!
· · · Fak

ak!

Bb1(
√

5−1
2
√

5
)

b1!
· · ·

Bbk
(
√

5−1
2
√

5
)

bk!
(√

5
)b1+···+bk = δn,k,

∑

a1+···+ak+b1+···+bk=n>0

La1

a1!
· · · Lak

ak!

Eb1(
√

5−1
2
√

5
)

b1!
· · ·

Ebk
(
√

5−1
2
√

5
)

bk!
(√

5
)b1+···+bk = 0,

where Fn and Ln are classical Fibonacci and Lucas numbers.

If we let P (x) = p and Q(x) = q in (2.1)-(2.3), we have
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Corollary 2.6. For positive integers k and n, we have the formulae:
∑

a1+···+ak+b1+···+bk=n

Va1

a1!
· · · Vak

ak!
Eb1

b1!
· · · Ebk

bk!

(√4x

2

)b1+···+bk

=
2k−n(kp)n

n!
,

∑

a1+···+ak+b1+···+bk=n

Ua1

a1!
· · · Uak

ak!

Bb1(
−β√4x

)

b1!
· · ·

Bbk
( −β√4x

)

bk!
(√4x

)b1+···+bk = δn,k,

∑

a1+···+ak+b1+···+bk=n>0

Va1

a1!
· · · Vak

ak!

Eb1(
−β√4x

)

b1!
· · ·

Ebk
( −β√4x

)

bk!
(√4x

)b1+···+bk = 0,

where β = p−√4x
2 and 4x = p2 + 4q.
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