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Abstract. In this paper, some relations between generalized Fibonacci polynomials and Bernoulli
polynomials, generalized Lucas polynomials and Euler numbers, and generalized Lucas polynomi-

als and Euler polynomials are established.

1. INTRODUCTION

We consider a polynomial sequence {W,,(z)} defined by

Whao(x) = P(x)Woi1(z) + Q(x)Wo(z), n=0,1,2,.... (1.1)
Obviously, when Wy(z) = 0, Wi (z) = 1, {W,,(z)} reduces to the generalized Fi-
bonacci polynomial sequence {U,(z)}, and U, (z) = a;:gn, where a = M,

5= PEVET 41d Ax = P(2)244Q(x); when Wy(z) = 2, Wy () = P(x), {W(z)}
reduces to the generalized Lucas polynomial sequence {V,,(x)}, and V,,(z) = a™ +
B™. Moreover if P(z) = p, Q(x) = ¢, p and ¢ are integers and p > 0, sequences
{Un(z)} and {V,(x)} are just the generalized Fibonacci and Lucas numbers se-
quences {U,} and {V,,}. About the above mentioned polynomials and numbers,
there were many results obtained in [3]- [6].
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Recently, T. Zhang and Y. Ma [2] established the following identity:

U, U, B B — kB F
Z a1('x) ak('x)bib'l bb;; (\/Ax)b1+ +by, _ ( 6) L
a1t tantbtotbg=n OV art o K (n—k)!
(1.2)
where B;(1 < i < k) are Bernoulli numbers, which are defined by
t = 3 B & 1.3
et—l_z% "l (1.3)

Furthermore, Euler numbers E,,, Bernoulli polynomials B,,(z) and Euler polyno-
mials E,(z) are defined by [1]:

2¢! =t
—_— = E,—, 1.4
et +1 T;) n! (14)

tet® e tn
o1 ;Bn(x)a» (1.5)

2”& t"
= E, (x)—. 1.6
XS m (6)

And the following formulae hold: B,, = B,,(0), E, = 2"E,(3).

Identity (1.2) established the relation between the generalized Fibonacci polyno-
mials and the Bernoulli numbers. In this paper, we use elementary methods to
establish the relations between generalized Fibonacci polynomials and Bernoulli
polynomials, generalized Lucas polynomials and Euler numbers, and generalized
Lucas polynomials and Euler polynomials.

2. MAIN RESULTS

Theorem 2.1. For positive integers k and n, there exists the following identity:

Vo, (x Va, (z) Ep, Ey, (VDx\bitetoe  2Fn(EP())?
T (z) ()b._.b(F) _ (kP(x))"

ay! ap!  by! by! 2 n!

a1+ tag+bi++be=n

(2.1)
Theorem 2.2. For positive integers k and n, we have the identities:
Uy (z)  Ugy(z) Bu(755)  Bul(A) bt _
> a!  a! Y (Vae) Ok
ai+-+ag+bi+-+br=n ’ : ' :
(2.2)
where § is the Kronecker delta.
Theorem 2.3. For positive integers k and n, we have the identity:
> Vi@ Vau(@) Bn(J22) Bl (B
a1! ak! b1' bk' '
a1+ tag+bite+br=n>0
(2.3)
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Now we give their proofs.

Proof of Theorem 2.1: By means of V,(z) = o™ 4+ 8", we can easily obtain the
generating function of V;,(x):

_OoVn(x)n_ooan—i_ﬁnn_at Bt _ Bt tvVAx

V(x,t)—;) St _Z%Tt = et Pt = PL(VAT 1), (2.4)
So, we have

2Tt iy VBT,

V(l’,t)m:2€ 2 .

From (1.4) and (2.4), we have

(3 ) (S (g =

then k times on the both sides of the above identity, we get

> Vi, (z Vo, () Ep, Ey, Az bbb
Z Z <)... ()b._.b(\/i) ¢

a1! ak! b1' bk' 2

n*OLLl-‘r Hap+bi+-+br=n
ka 1 kP -

Comparing the coefficients of ¢ on the above, we immediately obtain the identity
(2.1). O

n

Proof of Theorem 2.2: In view of U, (x) = aa:g"’ the generating function of U, ()
is

eat o eﬁt eﬁt(et\/Az 1)

700Un(1.)n700 anfﬂn n __ _ —
U(;z:,t)_; ot _;(a_mn!t =5 - N (2.5)

Therefore, we have

U(z,t) tv/Ax - VBT R

; e =L

From (2.5) and (1.5), we get

= > Bu(A) .
(32 o) (3 = /) -1

Then k times on the both sides of the identity, we have

i Z Ual(x)Uak(x)Bbl(%)Bbk(\/_&)

| | b,! b.!

ai. aj- . !

n=0ai+:+ap+bi++br=n ! k ! k
N \b1t bk i —

< (/B) ek

Comparing the coefficients of t"~%, we easily obtain the identities (2.2). O
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Proof of Theorem 2.3: By (2.4), we also have

V(x’t)iet\/ﬂ_p . =2

From (2.4) and (1.6), we get

(—5

(3 Ll (32 2 ) -

Similarly to the proof of Theorem 2.2, we immediately obtain the identity (2.3).
O

In the following, we will give some special cases of the Theorem 2.1, 2.2 and 2.3.

Taking P(x) =z and Q(z) =1, (2.1)-(2.3) reduce to the following

Corollary 2.4. For positive integers k and n, we have the formulae:

Loy () Loy (%) By, By, [/ Dx\brttbe 2871 (fg)n
5 (x) <>b._.b<r) _ 2" (k)

| | | | | ?
a1+-taptbrotbp=n L ag! bt bt A2 ”'
-8
R NI AEL.Xc S NE. Sppe—
al! ak! bl' bk n,ks
artetagtbi+etbr=n
-8B 5
Z Lal(x).“Lak(:L‘) Ebl( /Tm)“ Ebk(m (\/A )ler ~+by -0
al! ak! 1)1! bk' ’

a1+-t+ag+bi+-+bp=n>0

where 3 = I_VQA”, Nx = 2?2 + 4.

In Corollary 2.4, let x = 1, we get

Corollary 2.5. For positive integers k and n, we have the formulae:

Z La1 Lak Eb1 Ebk (\/5)b1+---+bk - 2]@*”]{;”
| | | | - 1
a1+ tantbr+otbp=n M1 a! byl byl n:
V51 VE—1
Fy, Fo, Bbl( 2v/5 ) Bb’“( 2v5 ) bt tby
2 e : (VB)" T =
aq: Q- bl' bk

a1+ tag+bi+otby=n

5 L, Lo Pn(573)  En (52

a1 ! ag ! bl ! bk

(\/5)b1+"‘+bk -0,

ai1+-+ar+bi+-+br=n>0

where I, and L,, are classical Fibonacci and Lucas numbers.

If we let P(z) =p and Q(x) = ¢ in (2.1)-(2.3), we have
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Corollary 2.6. For positive integers k and n, we have the formulae:

Z Va1 @Ebl Ebk ( /Am)bl"l‘""‘rbk B Qkfn(kp)n
! 1 by! ! o ! ’
bbb 1T A bt bl 2 n!
— -8
Ua1 Uak Bbl(\/%) Bbk(\/ﬂ) ~——\ b1++bg
Z P ' (\/Ax) = O ke
ay! ag' by! by! ’
a1+-+ag+bi+-+bp=n
Va1 Vak Ebl(\;&) Ebk( ~2

\/m) A\ bi b
a1! CLk! bl' bk' (\/ALE) o 07

>

ai+-tar+bi+--+br=n>0

where 3 = % and Ax = p? + 4q.
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