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INCOMING LOCAL EXPONENT FOR A TWO-CYCLE
BICOLOUR HAMILTONIAN DIGRAPH WITH A DIFFERENCE
OF 4n+1

YOGO DWI PRASETYO, SRI WAHYUNI, YENI SUSANTI,
AND DIAH JUNIA EKSI PALUPI

ABSTRACT. A bicolour digraph is a directed graph with arcs in two colours,
red and black. Let m and h be nonnegative integers representing the number
of red arcs and black arcs, respectively. The incoming local exponent of a
vertex vy on a bicolour digraph is the smallest positive integer m + h over all
pairs of nonnegative integers (m, h) such that for every vertex in vy there is
a walk from vy to vz consisting of m red arcs and h black arcs. We discuss
incoming local exponents for a Hamiltonian bicolour digraph with two cycles
of lengths n and 5n + 1. We also present the primitivity of this digraph, as
well as a formula for the incoming local exponents at its vertices.

1. Introduction

A digraph D is defined as a pair of sets (V, A), wherein V is a non-empty set
of vertices, and A is a set of arcs connecting a pair of vertices. A bicolour digraph
D® ig presented in two colours, in this case, red and black. Let m and h be
nonnegative integers representing the number of red and black arcs, respectively.
A walk from a vertex vy to a vertex v, where there are m red arcs and h black

arcs is called an (m, h)-walk and is denoted by vy () vy. For a walk Z in D),
the number of red arcs in Z is denoted by s(Z), and the number of black arcs in Z
is denoted by ¢(Z). The length of walk Z is ¢(Z) = s(Z) +t(Z). The composition
s(2)
t(2)
vertex vy to vertex vy, denoted by 6(vs,vy), is the shortest length of vy — v,
path. If there are nonnegative integers m and h such that for every pair of vertices

of W is presented in the form of a column matrix . The distance from

vy and v, in D@, we have a vy (mh) vy walk and a vy (mh) vy walk, then the
bicolour digraph is primitive [1]. The exponent of D) is the smallest positive
integer m + h over all pairs of nonnegative integers m and h [10]. The incoming
local exponent of a vertex v, denoted by expin(vy, D(Q)), is the smallest positive
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integer mg + h, over all pairs of nonnegative integers (m,, h;) such that for every

vertex v, in D), there is a v, (e fie) v, walk [12].

Research on the exponents of bicolour digraphs, especially those for digraphs
having two cycles with different lengths, is divided into two main areas, namely,
research involving a difference some natural number j, and difference (¢ —1)n+1,
for ¢ > 2, with ¢ also a natural number. The first type of research has been
extensive for j = 1 and includes work done by Gao and Shao [2], Suwilo and
Shader [14], Huang and Liu [3], Suwilo [12], Suwilo [13], and Mardiningsih et al.
[7]. The difference j = 2 has been investigated by Syahmarani and Suwilo [16] and
Suwilo and Syafrianty [15]. Mardiningsih et al. [8] considered j = 3. The second
type of research, when the difference between two cycles is (¢ — 1)n+ 1, for ¢ = 2,
has been conducted by Luo [4] and Sumardi and Suwilo [11]. Luo [5] and Prasetyo
et al. [9] investigated the exponents for ¢ = 3, while Luo [6] examined them for
q=4.

We discuss the incoming local exponents for a Hamiltonian bicolour digraph for
q = 5. The lengths of the two cycles are n and 5n + 1, respectively, for n common
vertices. In section 2, we present the primitivity of the bicolour digraph. In section
3, it is discussed the results of previous studies that are useful for determining the
bounds of incoming local exponents in bicolour digraphs. Sections 4 and 5 present
the results and conclusions, respectively.

2. Primitivity

Suppose that D) is a bicolour digraph and Q = {Q1,Q2,...,Q,} is the set
of all cycles in D®. A cycle matrix M in a bicolour digraph D® is a 2 x r
matrix such that the ith column, for i = 1,2,...,r, is the composition of the ith

Q1) tQ2) ... UQr) |
the rank of the cycle matrix M is 1, the content of M is defined to be 0; otherwise,

the content of M is the greatest common divisor of the determinants of all 2 x
2 submatrices of M. Fornasini and Valcher [1] state that a bicolour digraph is
primitive if and only if the content of M is 1.

cycle. The form of the cycle matrix is M =

Corollary 2.1. Let D® be a strongly connected bicolour digraph with two cy-
cles of length n and 5n + 1. If D@ is primitive, then the cycle matriz M =

1 5 n—1 dn—4
[n—l 5n—4]OTM[ 1 5

Proof. The cycle matrix form of a bicolour digraph D) with two cycles is M =
n dn+1

the determinant of M is £1. If det (M) = 1, then (5s; — s2)n + s; = 1. Since
0 < sy <5n+1, we have 5s; — sy = 0. Hence, s; = 1, and s; = 5. So,

[ 51 52 ] for some 0 < s; <n and 0 < sy < 5n+ 1. Since D? is primitive,

1 5 .
M = [ n—1 5m—4 } If det (M) = —1, then (so —5s;)n — s; = 1. Since
0 < sy <5n+1, we have s; —5s7 = 1. Consequently, s; =n—1, and sy = 5n —4.
n—1 bn—4
Thus, M = { 1 5 ] O
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Changing all arc colours from red to black and vice versa does not change an
incoming local exponent. Without loss of generality, we assume that the cycle

matrix of D@ is M = [ 1 g

. Hence, D® has five or six red arcs.
n—1 dn—4

3. Bounds for the Incoming Local Exponents of Bicolour Digraphs

We start with some results that will be useful in obtaining the upper and lower
bounds of incoming local exponents.

Proposition 3.1. [12] Given a two-cycle bicolour digraph D®) and any vertez v,
positioned on both cycles in D3, if for some nonnegative integers m and h, there
15 a path Py, o, from vy to v, such that the system

sat [ | =[]

has a nonnegative integer solution, then expin(vy, D(z)) <m-+h.

Lemma 3.2. [12] Given a primitive two-cycle bicolour digraph D@ and any vertex

vy On D@ with the incoming local exponent expin(vy,D(Q)), then for every x =
1,2,...,5n 4 1, it follows that expin(v,, D)) < expin(vy, D®) 4 0(vy, Ug).

Lemma 3.3. [7] Given a primitive bicolour digraph D@ with two cycles, namely,

; ; s(Q1) s(Q2) } ;

and Q2, with cycle matrix M = and that det(M) =1, i

Qu and Qz, witl ¢y oy e W =14

expin(v,, D®)) is generated via the (my, h,)-walk, then

|0 [ S N

for some paths P, ., and P, ., .

4. Results

This paper discusses the incoming local exponents in a two-cycle Hamiltonian
bicolour digraph with cycle length difference 4n + 1. The first cycle has length n,
and the second cycle has length 5n+ 1, while the number of common vertices is n.
The first cycle is v1 — vo — v3 — - -+ — v,_1 — v, — vy, which is denoted by Q1.
The second cycle is v1 = vg = U3 —> -+ = Up—1 —> Uy —> Upg1 - —> Usp — Usptl,
which is represented by 2. Based on Corollary 2.1, the primitive bicolour digraph
results in five or six red arcs.

Suppose the five red arcs in D@ are v, — Ugt1s Vb —> Uptl, Ue — Vetl,
Vg = VUgy1, and ve = Veyr for 1 <a<n—landn<b<c<d<e<bn+1. Let
the six red arcs in D@ be v, — V1, Vg — Ugd1s Ub —> Upt1, Ue — Vet1, Ud — Udt1,
and ve = vey1 for n < a < b < c<d<e<5n+1. The distance from vertex
Vg+1 to vertex vq in Q1 is denoted by 81,1 = §(va41,v1), whereas the distance from
vertex vq4+1 to vertex vy in Q2 is denoted by 81,2 = §(vg+1,v1). Let d2, d3, d4, and
d5 represent the distance from vertex vp41 to vertex vy, the distance from vertex
Vet1 to vertex v, the distance from vertex vg41 to vertex vy, and the distance
from vertex v.y1 to vertex vy, respectively.

79



Y. D. PRASETYO, S. WAHYUNI, Y. SUSANTI, AND D. J. E. PALUPI

Theorem 4.1. Given D@, a two-cycle primitive bicolour digraph with cycle
lengths of n and 5n + 1, if D®) has four or five consecutive red arcs in Qo, then
for every x =1,2,...,5n + 1, expin(v,, D?)) =

25n% +5n (05 — 81.2) + 05 + 6 (v1,v;), for 610 — 2 <n
20n% — 16n + 05 + 6 (v1,v;), forn < 819 — 0y < 4n —1
20n? — 16n + 5n(81,1 — d5) + 011 + 6 (v1,vs), for dy 2 — dg > 4n — 1.

Proof. Suppose the expin(v,, D(Z)) value for each z = 1,2,...,5n + 1 is generated
from the (my, h;)-walk. The proof of Theorem 4.1 is presented in the following
three cases.

Case 1. (for ;2 — 2 <n)

First, we need to show that expin(v,, D) > 25n2 + 5n (d5 — d12) + 05 +
d(v1,vz). Choose paths P, ., and P, ., and define ki = t(Q2)s(Py, v,) —
5(Q2)t(Py, v,) and ky = s(Q1)t( Py, v,) —t(Q1)8(Py, 1 v, ). We consider six sub-
cases.

The vertex v, is positioned on path v; — v,. Using path P,, ,,, we get path
(5,012 — 4+ d(v1,vg)), resulting in k; = 25n — 5(d1,2 + §(v1,v,)). Using path
Py, .\ w,, we get path (0,05 + 0(v1,vy)), leading to ky = 05 + 6(v1,v,). Utilizing
Lemma 3.3, we get

my >M ]{31 _ 25n — 5(51,2 - 55)
hm - kg - 25712 + 571((55 — 6172) — 251 + 551’2 — 455 + 6(’01, 'Uz)

Hence’ expin(vx, D(Z)) > 25712 + 5n (55 — (51,2) + (55 + 5(”17 Ua:) (41)

for every vertex v, positioned on the path v; — v,.

The vertex v, is positioned on path v,11 — vp. Using path P,, ., , we get path
(1,612 —5n — 1+ 6(v1,v,)), thus arriving at k; = 30n + 1 — 5(d1,2 + d(v1,vs)).
Using path P,_,, .,, we get path (1,05 — 1 + 6(v1,v,)), leaving us with ky =
05 —n + 6(vy,v,). Utilizing Lemma 3.3, we get

My kl _
=k ]
25’1’L+1—5((51’2 —55)

25n2 + 5n((55 - (5172) —25n—1+ 5(51,2 — 465 + (5(’01, ’l)w)

Hence’ expin('uw, D(Q)) > 25712 + 5n ((55 - 51,2) + 55 + 6(U17 UI) (42)

for every vertex v, positioned on the path v,41 — vp.

The vertex v, is positioned on path vy — v.. Using path P, ,,, we get path
(2,61,2—5n—240(v1,vy)), resulting in k; = 35n+2—"5(01,2+3(v1,v,)). Using path
Py, .\ ., we get path (2,05 — 2+ 0(v1,v,)), meaning that ky = 65 — 2n 4 6(v1, vz).
Utilizing Lemma 3.3, we get

my kl _
=l
25ﬂ+2—5((5172 —55)

25712 + 577,(65 - 5172) —25n — 2+ 55172 - 455 + 5(’01, ’Um)

HERee: expin(ug, D) > 250% + 50 (85 — 61.2) + 65 + 0(u1, ) (43)
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for every vertex v, positioned on the path vp41 — ve.

The vertex v, is positioned on path v.y; — vg. Using path P, ., we get path
(3,912 —5n—3+0(v1,v;)), leading to k1 = 40n+3—5(d1,2+6(v1,v;)). Using path
Py, 1w, we get path (3,05 —3+0(v1,v,)), thus arriving at ke = 65 —3n+6(v1, vz).
Utilizing Lemma 3.3, we get

my k‘l o
=]k ]-
25n+3—5(51,2 —(55)

25n2 + 5n((55 — (5172) —2n—3+ 5(5172 — 465 + (5(’[}1, ’UI)

Hence, expin(v,, D®) > 2502 + 5n (85 — 01.9) + 05 + 6(v1,v,) (4.4)

for every vertex v, positioned on the path v.y1 — vg.

The vertex v, is positioned on path v44; — v.. Using path P, , , we get path
(4,61,2—5n—4+6(v1,vy)), meaning that ky = 45n+4 —5(01,2 + 6(v1,v,)). Using
path P,_, | .., we get path (4,95 —4+06(v1,v,)), resulting in ko = 05 —4n+6(v1, vz).
Utilizing Lemma 3.3, we get

My kl _
ek ]
25n + 4 — 5((5172 — 55)
25n2 + 5’/’L(§5 — (5172) —25n—4+ 55172 — 455 + 5(1}17 Ux)

expin(vg, D®) > 2502 + 5n (85 — 01.9) + 05 + 6(v1,vs) (4.5)
for every vertex v, positioned on the path vg11 — ve.

The vertex v, is positioned on path vey; — vsn41. Using path P, .., we get
path (5,012 —5n—5+8(v1,v;)), thus arriving at ky = 50n+5—5(81 2+ (v1,vs)).
Using path P, .,, we get path (0,05 — 5n — 1 + 6(v1,v,)), leading to ky =
05 —bn — 1+ §(v1,v,). Utilizing Lemma 3.3, we get

My kl _
=]
25n — 5(6172 - 55)
25n2 + 5’/’L(55 — 5172) —30n—1+ 551,2 — 455 + 5(1)1, ’Ux)

Let pP1 = 25n — 5((51’2 — (55) and P2 = 25n2 + 571(55 — 61,2) —30n—1+ 551,2 — 455 +
d(v1,v,). We consider the walk (p1,p2) from veqq to v,. Note that path P,

Hence,

e+1,Vz

is (0,05 —5n — 1+ d(v1,v,)) and that solving the system Mu + { ‘;((gveﬂ,vw)) } =
Ve+41,Vz

[ il } leads to u; = 25n — 5d1,2 + 595 and up = 0. Because the path P,
2

et+1,Vz
lies totally on cycle @, there is no (p1,p2)-walk from wveiq to v,. Therefore,
expin(v,, D(Q)) > p1 + p2. The shortest walk from v.41 to v, with minimal p; red
arcs and minimal ps red arcs is a (p1 + s(Q2), p2 + t(Q2))-walk. Since s(Q2) +
t(Q2) = 5n+ 1, we get
expin(vy, D) > p1 + p2 + 5(Q2) + 1(Q2)

= 25n2 + 5n (55 - 5172) + 05 + 5(’(}1, Ux) (46)

for every vertex v, positioned on the path vey; — vsn41.
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From (4.1), (4.2), (4.3), (4.4), (4.5), and (4.6), we conclude that expin(v,, D(?)
> 2512 + 5n (85 — 01.2) + 05 + 8(v1,v,) for x = 1,2, ..., 5n + 1.

Next, we will show that expin(vy, D)) < 25n2 + 5n (65 — d1.2) + 05 + 6(v1, vz)
for every x = 1,2,...,5n + 1. First, we will show that expin(vy, D®)) = 25n2 +
5n (05 — 61.2) + 5 and then utilize Lemma 3.2 to ensure that expin(v,, D®) <
25n2 + 5n (05 — 61,2) + 05 + 0(v1,v,) for . =1,2,...,5n + 1.

From (4.1), we have expin(vy, D®) > 25n% + 5n (65 — 01.2) + 05. Next, it is
necessary to prove that expin(vy, D(2)) < 25n% + 51 (J5 — 61.2) + 05 for every Vy
and that for y = 1,2,...,5n + 1, the system

v ) |

o 25n — 5((51’2 — 55)
| 25n2% 4+ 5n(65 - (51’2) — 25n + 551’2 — 465

has a nonnegative integer solution for the path P, ,,.

The solution of system (4.7) is u1 = 25n — 501,2 — (51 — 4)s(Py, v, ) + 5t(Py, ;)
and up = 05 — (1 —n)s(Py,,a,) — t(Py,v,). If v, is positioned on the vy — v,
path, then there is a (5,5n — 4 — é(v1, vy))-path from v, to v1. Using this path,
we determine that uq = 25n — 5(81,2 + d(v1,vy)) > 0 since 61,2 + 6(v1,vy) < 5n for
n > 3 and ug = d5+6(v1,vy) —1 > 7 since 05 +6(v1, vy) > 2n+1for n > 3. If vy is
positioned on the v, 41 — v path, then there is a (4, 5n —3 — §(v1, vy))-path from
vy to v1. Using this path, we determine that u; = 30n+1—5(01,2 +3(v1,vy)) > 11
since 01,2 + 0(v1,vy) < 5n+ 1 for n > 3 and us = d5 + 6(v1,v,) —n — 1 > 4 since
05 + d(v1,vy) > 2n+ 2 for n > 3. If v, is positioned on the vp11 — v, path, then
there is a (3,5n — 2 — 6(v1, vy))-path from v, to v1. Using this path, we determine
that u; = 35n+2—5(81,2+6(v1,vy)) > 12 since §1,2+6(v1,vy) < 6n+1 for n > 3
and up = 5+ 6(v1,vy) —2n—1 > 6 since 05+ 6(v1,vy) > 4n+1 for n > 3. If v, is
positioned on the v.11 — vq path, then there is a (2,57 —1 — §(vy, vy))-path from
vy to v1. Using this path, we determine that vy = 40n+3—5(d1 2 +d(v1,vy)) > 23
since 81 2 + 6(v1,vy) < 6n+2 for n > 3 and ug = 05 + 6(v1,vy) —3n — 1 > 4 since
95 + 6(vi,vy) > 5n — 1 for n > 3. If v, is positioned on the vgy1 — ve path, then
there is a (1,5n — 0(v1,vy))-path from v, to v;. Using this path, we determine
that uq = 46n+4—>5(01,2+9(v1,vy)) > 14 since 61 2+6(v1,vy) < 7n for n > 3 and
ug = 05+0(v1,vy) —4n—1 > 2 since d5+6(v1,vy) > 5n for n > 3. If v, is positioned
on the ver1 — vsp41 path, then there is a (0,5n + 1 — 6(v1, vy))-path from v, to
vi. Using this path, we determine that uq, = 50n + 5 — 5(01,2 + 6(vi,vy)) > 5
since 81,2 + 6(v1,vy) < 10n for n > 3 and uy = 05 + 6(v1,vy) — 5n — 1 > 0 since
85 + 0(v1,vy) > 5n+ 1 for n > 3.

Therefore, for every y = 1,2, ...,5n+ 1, the system (4.7) has a nonnegative inte-
ger solution. Proposition 3.1 then ensures that for every y = 1,2, ..., 5n+1, there is

a vy, (m—’h>) v1 walk with m = 25n — 5(81 2 — 05) and h = 2512 + 5n(d5 — 61,2) — 25n
45612 — 405. Consequently, expin(vy, D?)) < 2512 4+5n (65 — d1.9) + 5. So, expin
(v, D@®) = 25n% 4 5n (65 — 01.2) + J5. Using Lemma 3.2, we conclude that expin
(Ur, D(z)) S 25712 + 5n ((55 - 51,2) + 55 + (5(’01,’Uz) for x = 1, 2, ceey 5+ 1.

(4.7)
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Case 2. (for n < 012 — d2 < 4n —1)

First, we need to show that expin(v,, D®)) > 20n? — 16n + 65 + 0 (v1, vs).
Choose paths P,, ,, and P, ., ., and define k1 = t(Q2)s(Py,,0,) — 5(Q2)t(Poy,v. )
and kg = s(Q1)t(Py.,,0,) — t(Q1)s(Py, ;1 0, ). We consider six sub-cases.

The vertex v, is positioned on path v; — v,. Using path P,, ., , we get path
(4,85 + 0(v1,v;)), thus arriving at k; = 20n — 16 — 5(d5 + d(v1,v,)). Using path
Py, .\ v, we get path (0,05 + 6(v1,v,)), resulting in ky = 5 + §(v1,v,). Utilizing
Lemma 3.3, we get

My > M kv | 20n — 16
hy | = ko | — | 20n% —36n + 16 + 5 + 6(v1,v,)

Hence, expin(vg, D®) > 200 — 160 + 65 + 6 (01, v2) (4.8)

for every vertex v, positioned on the path v; — v,.

The vertex v, is positioned on path v,; — vy. Using path P,, ., , we get path
(5,05 — 1 4 6(v1,vy)), leading to k1 = 25m — 15 — 5(d5 + 6(v1,v,)). Using path
Py 1 w,, we get path (1,65 — 14 6(vi,v,)), arriving at ky = 65 — n + 6(v1, ve).
Utilizing Lemma 3.3, we get

My k1 20n — 15
[ ha } =M [ ko } o [ 20n? — 36n + 15 + 5 + §(v1, vs)

Hence, expin(ve, D®) > 20n? — 16n + 65 + 6 (01, v2) (4.9)

for every vertex v, positioned on the path v,41 — vy.

The vertex v, is positioned on path vy11 — v.. Using path P, . , we get
path (1,95 — 5n + 2 + §(v1,v,)), leading to ky = 30n — 14 — 5(05 + d(v1,vy)).
Using path P,__, .,, we get path (2,05 — 2 + 6(v1,v;)), thus ending up with k; =
d5 — 2n + 6(v1, v,). Utilizing Lemma 3.3, we get

My > M kv | 20n — 14
hy | = ko | — | 20n% —36n + 14 + 85 + 6(v1,v,)

Hence, expin(vy, DP) > 20n% — 160 + 85 + 6 (v1, ;) (4.10)

for every vertex v, positioned on the path vp41 — ve.

The vertex v, is positioned on path v.11 — v4. Using path P,, .., we get path
(2,05 — 5n + 1 + §(v1,v,)), thus arriving at k; = 35n — 13 — 5(d5 + 6(v1,vy)).
Using path P,_,, .,, we get path (3,05 — 3 + 6(v1,v,)), ending up with ky =
d5 — 3n + 0(v1,v,). Utilizing Lemma 3.3, we get

My > M kv | 20n — 13
hy | = ko | — | 20n% — 36n + 13 + 85 + 6(v1,v,)

Hence, expin(v,, D®) > 20n% — 160 + &5 + 6 (v1, v,) (4.11)

for every vertex v, positioned on the path vey1 — vg.

The vertex v, is positioned on path v441 — ve. Using path P, ., we get path
(3,85 — bn + d(v1,vy)), resulting in k; = 40n — 12 — 5(d5 + §(v1,v,)). Using path
Py ., we get path (4,05 — 4 + 6(v1,v,)), leading to ky = 05 — 4n + 6(v1, ve).
Utilizing Lemma 3.3, we get

[mx}zM{kl}{ , 20n — 12
hy ko 20n* — 36n + 12 + 5 + 6(v1, vs)
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Hence, expin(v,, D®) > 20n? — 160 + &5 + 0 (v1,v,) (4.12)

for every vertex v, positioned on the path vg11 — ve.

The vertex v, is positioned on path vey1 — vsp41. Using path P, . , we get
path (4,05 — 5n — 1 + §(v1,v,)), arriving at k; = 45n — 11 — 5(d5 + d(v1,vy)).
Using path P,_,, .., we get path (0,05 — 5n — 1 + §(vi,v,)), leading to ky =
d5 — b5n — 14 6(v1, v, ). Utilizing Lemma 3.3, we get

My k‘l
> =
Y
20n — 16
20n% — 41n + 154 65 + 6(v1,v,) |-
Let p; = 20n — 16 and py = 20n? — 41n + 15 + J5 + §(v1,v,). We consider the
walk (p1, p2) from veyq to v,. Note that path P,_, | ., is (0,05 —5n—1+6(vy,v,))

S(PUe+1,Um) — [ b1
P2

and that solving the system Mu + [ results in u; =

t(PUE+17v(1‘,) L
20n — 16 and ug = 0. Because the path P, ., ,, lies totally on cycle @2, there

is no (p1,p2)-walk from veq1 to v,. Therefore, expin(va(Q)) > p1 + p2. The
shortest walk from vey1 to v, with minimal p; red arcs and minimal ps red arcs
is a (p1 + s(Q2), p2 + t(Q2))-walk. Since s(Q2) + t(Q2) = 5n + 1, we get
expin(vy, DP) > p1 + po + 5(Q2) + H(Q2)
=20n? — 16n + 05 + 0 (v1,v,) (4.13)
for every vertex v, positioned on the path vey; — vsn41.

From (4.8), (4.9), (4.10), (4.11), (4.12), and (4.13), we conclude that expin
(vg, D®)) > 20n? — 160 + 65 + 6 (vy,v,) for & =1,2,...,5n + 1.

Next, we will show that expin(v,, D®)) < 20n? — 16n + d5 + 6 (v1,v,) for x =
1,2,...,5n+ 1. First, we will show that expin(v;, D®)) = 20n? — 16n + 05 and then
utilize Lemma 3.2 to ensure that expin(v,, D®) < 20n2 — 16n + 5 + 0 (v1, v,) for
r=1,2,....,5n+ 1.

From (4.8), we have expin(vy, D®)) > 20n? — 16n + d5. Next, it is necessary
to prove that expin(vy, D) < 20n? — 16n + &5 for every v, and that for y =

1,2,...,5n 4+ 1, the system
$(Py, vy)
Mu + { v o }
t(Py, 0)

20n — 16 } (4.14)

- [ 20n* — 36n + 16 + d5

has a nonnegative integer solution for the path P, ,,.

The solution of system (4.14) is u1 = 20n—16—"505—(5n—4)s(Py, v, ) +5t(Py, v, )
and uz = 05 — (1 —n)s(Py,.q,) — t(Po, v, ). If v, is positioned on the v; — v, path,
then there is a (5,5n — 4 — §(v1,vy))-path from v, to vy. Using this path, we
determine that u; = 20n — 16 — 5(d5 + 6(v1,vy)) > 4 since d5 + d(vi,vy) < 3n—1
for n > 3 and ug = 05 +d(v1,v,) —1 > 0 since 05 +6(v1,vy) > n—2forn > 3. If v,
is positioned on the vg41 — v, path, then there is a (4, 5n—3—4(v1, vy))-path from
vy to v1. Using this path, we determine that u; = 25n — 15 —5(d5 + d(v1,vy)) > 0
since 05 + d(v1,vy) < 4n for n > 3 and us = 5 + §(v1,vy) —n — 1 > 0 since
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05 + 0(v1,vy) > n+1 for n > 3. If v, is positioned on the vp11 — v, path, then
there is a (3,5n — 2 — 6(v1, vy))-path from v, to v1. Using this path, we determine
that u; = 30n — 14 — 5(05 + 6(v1, vy)) > 11 since 05 + 6(v1,vy) < 4n+1forn >3
and ug = 65+ 9(v1,vy) —2n—1 > 6 since d5 +6(v1,vy) > 4n+1for n > 3. If vy is
positioned on the v.11 — vq path, then there is a (2,57 —1 — §(vy, vy))-path from
vy to v1. Using this path, we determine that w3 = 35n —13—5(d5 +d(v1,vy)) > 22
since 05 + d(v1,vy) < bn —1 for n > 3 and up = 65 + 6(v1,vy) — 3n — 1 > 4 since
05 + d(v1,vy) > 5n — 1 for n > 3. If v, is positioned on the vg11 — ve path, then
there is a (1,5n — 0(v1,vy))-path from v, to v;. Using this path, we determine
that u; = 40n — 12 — 5(05 + 6(v1,vy)) > 33 since 05 + d(vi, vy) < 5n for n > 3 and
ug = 05+0(v1,vy) —4n—1 > 2 since d5+0(v1, vy) > 5n for n > 3. If v, is positioned
on the ver1 — vsp41 path, then there is a (0,5n + 1 — é(v1, vy))-path from v, to
v1. Using this path, we determine that uy = 45n — 11 — 5(d5 + 6(v1,vy)) > 9
since 05 + d(v1,vy) < 8n —1 for n > 3 and up = 65 + 6(v1,vy) — 5n — 1 > 0 since
05 + 6(v1,vy) > 5n+ 1 for n > 3.

Therefore, for every y = 1,2,...,5n + 1, the system (4.14) has a nonnegative
integer solution. Proposition 3.1 ensures that for every y = 1,2, ...,5n + 1, there

is a v, (m—’h>) v; walk with m = 20n — 16 and h = 20n? — 36n + 16 + 65. Conse-
quently, expin(vy, D)) < 20n% — 16n 4 5. So, expin(vy, D) = 20n? — 161 + J5.
By Lemma 3.2, we conclude that expin (v, D®) < 20n? — 16n + &5 + d(v1, vs)
forx=1,2,....5n+ 1.

Case 3. (for 610 — 02 > 4n — 1)

First, we need to show that expin(v,, D®) > 20n? — 16n + 5n(d,1 — d5) +
01,146 (v1,v;). Choose paths P, ,, and P, ., and define k1 = t(Q2)5(Py, 0, ) —
5(Q2)t(Pyy v, ) and ko = s(Q1)t(Po,, 1 v,) — tH(Q1)5(Poysy 0, )- We consider six sub-
cases.

The vertex v, is positioned on path vy — v,. Using path P,, , , we get path
(4,05+6(v1,v,)), resulting in ky = 20n—16—5(65+46(v1, v,)). Using path P, v, ,
we get path (0,011 +6(v1,v,)), arriving at ky = 01,1 + 6(v1, vy). Utilizing Lemma

3.3, we get
My kl
PaE
o 20n — 16—5(d5 _dll)
| 20n2 + 5n(d11 — d5) — 36n + 16 + 505 — 4dq11 + (5(’01, ’U;E)
Hence,
expin(v,, D(Q)) > 20n? + 5n(dyy — ds) — 16n + 011+ 9 (v1,vy) (4.15)

for every vertex v, positioned on the path v; — v,.

The vertex v, is positioned on path v4+1 — v. Using path P, ,,, we get path
(5,85 —146(v1,vy)), ending up with ky = 25n— 15 —5(5 + 6(v1, v, )). Using path
P,, ., v,, we get path (0,611 —n+0(v1,vy)), resulting in ko = 811 —n+6(v1, vg).

Va+1,
Utilizing Lemma 3.3, we get
My k1
>
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o 20n — 15 — 5(d5 - dll)
| 20n2 + 5n(d11 — d5) — 36n + 15+ 505 — 4dq11 + (5(’01, ’U;C)

Hence,
expin(vg, D®) > 20n? + 5n(dy; — ds) — 160 + 611 + 6 (v, vz) (4.16)

for every vertex v, positioned on the path v,41 — vy.

The vertex v, is positioned on path vy41 — v.. Using path P, , , we get
path (1,95 — 5n + 2 + §(v1,v,)), leading to ky = 30n — 14 — 5(05 + d(v1,vy)).
Using path P, .., we get path (0,011 — 2n — 7 + §(vi,v,)), arriving at ky =
91,1 — 2n — 7+ 6(vy,vg). Utilizing Lemma 3.3, we get

My k‘l o
o =]
20n — 49 — 5(d5 - dll)
20n2 + 5’)’L(d11 — d5) —T71n + 42 + 5(55 — 4d11 + (5(’01, Ua:)
Let py = 20n — 49 — 5(d5 — dll) and py = 20n2 + 57’L(d11 — d5) — 71ln + 42 + 595
—4dy1 + 6(v1,vg). We consider the walk (py,p2) from vey; to v,. Note that
path P, v, is (0,011 — 2n — 7 + §(v1,v;)) and that solving the system Mu +

S(PU +1,v ) b1
at1,Vs = leads t = 20n — 49 — 5(ds — d d s — 0. B
|: t(Pva+1,vI) D2 cads 1o u n ( 5 11) anda ug e

cause the path P, ., lies totally on cycle Q2, there is no (pi, p2)-walk from v,
to v,. Therefore, expin(v,, D(2)) > p1 + p2. The shortest walk from v,41 to v,
with minimal p; red arcs and minimal py red arcs is a (p1+s(Q2), p2+1(Q2))-walk.
Since s(Q2) + t(Q2) = dn + 1, we get

expin (v, D@) > p +py + 7(5(Q2) +(Q2))

=20n? + 5n(dyy — ds) — 160+ 611 + 8 (v1,v2) (4.17)

for every vertex v, positioned on the path vp41 — ve.

The vertex v, is positioned on path v.y; — vgq. Using path P, .., we get
path (2,05 — 5n + 1 + §(v1,v,)), arriving at k; = 35n — 13 — 5(d5 + d(v1,vy)).
Using path P, .,, we get path (0,01, —3n — 4 + §(vi,v,)), leading to ky =
91,1 —3n — 4+ 6(vy,vg). Utilizing Lemma 3.3, we get

my kl _
=]
20n — 33 — 5(d5 — dll)
20n? + 5n(dyy — ds) — 56n + 29 + 585 — 4dq1 + 0(v1, vy)
Let p; = 20n — 33 — 5(d5 — dll) and py = 20n2 + 57’L(d11 — d5) — 56n + 29 + 595
—4dy1 + 0(v1,v). We consider the walk (py,p2) from vey; to v,. Note that
path P,, is (0,61,1 —3n — 4 + §(v1,v;)) and that solving the system Mu +

+1,Vz

S(Pv 41,0 ) :l |: P1 :| .
B = ives us u; = 20n — 33 — 5(ds — dq1) and uy = 0. Be-
|: t(Pﬂa+1,7JI) P2 & 1 ( 5 11) 2

cause the path P, ., lies totally on cycle Q2, there is no (pi, p2)-walk from v,
to v,. Therefore, expin(v,, D(2)) > p1 + p2. The shortest walk from v,41 to v,
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with minimal p; red arcs and minimal p, red arcs is a (py +5(Q2), p2 +(Q2))-walk.
Since s(Q2) + t(Q2) = 5n + 1, we get

expin(vz, D) > py + pa + 5(s(Q2) + 1(Q2))

= 20n% 4 5n(dyy — ds) — 16n + 011 + 0 (v, vs) (4.18)
for every vertex v, positioned on the path v.41 — vg4.

The vertex v, is positioned on path v4i1 — v.. Using path P, ,., we get
path (3,85 — 5n + §(v1,v,)), ending up with k; = 40n — 12 — 5(d5 + d(v1, vz)).
Using path P, .,, we get path (0,011 —4n — 2 + 6(v1,v,)), resulting in ky =
01,1 —4n — 2+ 6(v1, v,). Utilizing Lemma 3.3, we get

My ky _
=]
20n — 22 — 5(d5 — dll)
20n2 + 5n(d11 — d5) —46n + 20 + 505 — 4dq1 + 5(’01, ’Ux)
Let pP1 = 20n — 22 — 5(d5 — dll) and P2 = 20’/12 + 5n(d11 — d5) —46m + 20 + 555
—4dy1 + 6(v1,v,). We consider the walk (p1,p2) from v,y; to v,. Note that
path P, ., is (0,611 —4n — 2 + §(vy,v,)) and that solving the system Mu +
S(P’U+1’U):| |:p1:|
ati e = leads to uqy = 20n — 22 — 5(ds — dy1) and uy = 0. Be-
|: t<Pva+1,vw) Do 1 ( 5 11) 2
cause the path P, ., »,
to v,. Therefore, expin(v,, D®)) > p; + po. The shortest walk from v,;; to v,
with minimal p; red arcs and minimal py red arcs is a (p1+s(Q2), p2 +t(Q2))-walk.
Since s(Q2) + t(Q2) = 5n + 1, we get

expin(vy, D) > p1 + pa + 2(s(Q2) + £(Q2))
= 20n? + 5n(d11 — d5) —16n + (5171 +4 (’Ul, Ux) (419)
for every vertex v, positioned on the path vg11 — ve.

The vertex v, is positioned on path vey; — vsp41. Using path P, ., we get
path (4,05 —5n—1+46(v1,v,)), arriving at ky = 45n —11—5(d5 +3(v1,v,)). Using
path P, .., we get path (0,011 — 5n + d(v1,v;)), resulting in ko = 61,1 — 5n +
d(v1,v,). Utilizing Lemma 3.3, we get

My kl
R
_ 20n71175(d5 7d11)
B 20n2 + 5n(d11 — d5) - 36n =+ 11 + 555 - 4d11 + (5(1)1,’Ux)

lies totally on cycle @2, there is no (p1, p2)-walk from v,41

Hence,
expin(vg, D®) > 2012 + 5n(dy; — ds) — 160 + 611 + 6 (v, vz) (4.20)

for every vertex v, positioned on the path vey1 — vsn41.
From (4.15), (4.16), (4.17), (4.18), (4.19), and (4.20), we conclude that expin
(Vgs D(2)) > 20n2 + 5n(dyy — ds) — 16n + 611 + 0 (v1,v,) for z = 1,2,...,5n + 1.
Next, we will show that expin(v,, D(Q)) < 20n? + 5n(dyy — ds) — 16n + 611 +
§ (v1,v,) for £ =1,2,...,5n + 1. First, we will show that expin(v;, D®) = 20n2 +
5n(d11 —ds) —16n+d1 1 and then utilize Lemma 3.2 to ensure that expin(v,, D(Q))
<20n2 +5n(dyy —ds) — 16n+ 811 + 6 (v1,v,) for  =1,2,...,5n + 1.
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From (4.15), we have expin(vy, D(Q)) > 20n2 +5n(dy; —ds) — 16n + 01,1. Next,
it is necessary to prove that expin(vy, D(Z)) < 20n%+5n(dyy —ds) — 16n+ 61 1 for
every v, and that for y =1,2,...,5n + 1, the system

Mut { i(va,m) }

Vy,V1

20717 1675(d5 7d11) :|

= 20n2 + 5n(d11 — dS) —36n + 16 + 585 — 4dq;1 (4.21)

has a nonnegative integer solution for the path P, ., .

The solution of system (4.21) is u; = 20n—16—505 —(5n—4)s(Py, v, ) +5t(Py, ;)
and uz = 611 — (1 —n)s(Py,,q,) — t(Po, ;). If vy is positioned on the v; — v,
path, then there is a (5, 5n —4 — d(vq, vy))-path from v, to v1. Using this path, we
determine that uy = 20n—16—>5(d5+6(v1,vy)) > 39 since d5+(v1,vy) < n—2 for
n > 3 and ug = 01,1 +0(v1,vy) —1 > 1since 61,1 +0(v1,vy) > n—1forn > 3. If v,
is positioned on the vq41 — vp path, then there is a (4, 5n—3—4(v1, vy))-path from
vy to vy. Using this path, we determine that u; = 25n — 15 —5(d5 + d(v1,vy)) > 0
since 05 + 6(v1,vy) < 4n for n > 3 and ug = 1,1 + 6(v1,vy) —n — 1 > 0 since
911+ d(v1,vy) > n+1 for n > 3. If v, is positioned on the vp11 — v path, then
there is a (3,5n —2 — 6(v1, vy))-path from v, to v1. Using this path, we determine
that u; = 30n — 14 — 5(65 + 6(v1, vy)) > 11 since 05 + 6(v1,vy) < 4n+1forn >3
and ug = 61,1 +6(v1,vy) —2n—1 > 7 since 611 +6(vi,vy) > 4n+2forn > 3. If v,
is positioned on the v.y1 — vq path, then there is a (2, 5n—1—0(v1, vy))-path from
vy to v1. Using this path, we determine that u; = 35n — 13 —5(d5 +d(v1,v,)) > 22
since d5 + 0(v1,vy) < 5n—1 for n > 3 and ug = §1,1 + 0(v1,vy) —3n —1 > 5 since
01,1 + 6(vi,vy) > Bn for n > 3. If v, is positioned on the vg4y1 — ve path, then
there is a (1,5n — §(v1,vy))-path from v, to v1. Using this path, we determine
that u1 = 40n — 12 — 5(05 + 6(v1,vy)) > 33 since 05 + §(v1, vy) < 5n for n > 3 and
up = 01,1 +6(v1,vy) —4n —1 > 3 since §1,1 + d(vi,vy) > dn+ 1 for n > 3. If vy is
positioned on the vey1 — vs,+1 path, then thereis a (0, bn+1—48(v1, vy ))-path from
vy to v1. Using this path, we determine that u; = 45n —11—5(d5 +d(v1,vy)) > 44
since 85 + 0(v1,vy) < 5n+1 for n > 3 and ug = §1,1 + 6(v1,vy) —5n—1 > 1 since
01,1 +0(v1,vy) > 5n+ 2 for n > 3.

Therefore, for every y = 1,2,...,5n + 1, the system (4.21) has a nonnegative
integer solution. Proposition 3.1 ensures that for every y = 1,2, ...,5n 41, there is

a vy (m—’h>) vy walk with m = 20n — 16 — 5(ds — d11) and h = 20n? + 5n(dy; — ds)
—36n + 16 + 565 — 4d1;. Consequently, expin(vy, D®)) < 20n? + 5n(dy; — ds) —
161+ 01,1. So, expin(vy, D(z)) = 20n2 +5n(dy; —ds) — 16n + 61 ;. By Lemma 3.2,
we conclude that expin (v, D(z)) < 20n? + 5n(dyy — ds) — 16n + 011 + §(v1,v,)
for every z = 1,2, ...,5n + 1. O
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Theorem 4.2. Suppose that D3 is a two-cycle primitive bicolour digraph with
cycle lengths n and 5n + 1. If D@ has four or five red arcs in alternating orders
of one in Qa, then for every x =1,2,...,5n + 1, expin(v,, D) =

25n% +5n (05 — 81.2) + 05 + 6 (v1,v;), for 610 — 02 <n
20n% — n 4 5n(d5 — d2) + 05 + 6 (v1,vs), forn < d12—da < 3n
207?,2 —-n—+ 571(51,1 - (52) + (5171 + ) (’Ul,Uw) y for (5172 — 52 > 3n.

Proof. Suppose the expin(v,, D) value for each z = 1,2, ..., 5n + 1 is generated
from a (my, hy;)-walk. The proof of Theorem 4.2 is presented in the following 3
cases.
Case 1. (for ;2 — 2 <n)

The formulas for Case 1 in Theorem 4.1 and Theorem 4.2 are the same. There-
fore, the proof for Case 1 Theorem 4.1 works for Theorem 4.2.

Case 2. (for n < d;1,2 — d2 < 3n)

First, we need to show that expin(v,, D) > 20n? — n + 5n(d5 — d2) + 05 +
6 (v1,v;). Choose paths P, ., and P, ,, ., and define k; = t(Q2)s(Py,,) —
5(Q2)t(Py, 0, ) and ky = s(Q1)t(Py, ;1 0,) — HQ1)8(Po, 1,0, ). We consider six sub-
cases.

The vertex v, is positioned on path vy — v,. Using path P,, ,_ , we get path
(4,92 —3+0(v1,vs)), ending up with k; = 20n — 1 —5(d2 + §(v1, v,)). Using path
Py, v, we get path (0,65 4+ 6(vy,v;)), leading to ky = 65 + 6(v1,v,). Utilizing

Lemma 3.3, we get &
my 1
>
=]

o 20n — 1 — 5(d2 - d5)
| 20n2 —21n+ 1+ 5n(ds — d2) + 5da — 465 + 6(v1,v,)
Hence,
expin(vy, D®) > 20n% — n + 5n(ds — da) + 05 + 6 (v1,v,) (4.22)
for every vertex v, positioned on the path vy — v,.
The vertex v, is positioned on path v44+1 — vp. Using path P, ,,, we get path
(5,02 —4+6(v1,vy)), arriving at ky = 25n —5(d2 +(v1,v;)). Using path P, | ..,
we get path (1,5 — 14 6(v1,v,)), ending up with ko = 05 —n+9(v1, v,). Utilizing

Lemma 3.3, we get )
my 1
]z

o 20n — 5(d2 — d5)

o |: 20n2 — 21n + 5n(d5 — d2) + 5do — 465 + 5(1}1, 1}1)
Hence,

expin(vg, D®) > 20n% — n + 5n(ds — dy) + 65 + 6 (v1,v,) (4.23)
for every vertex v, positioned on the path v,41 — vp.

The vertex v, is positioned on path vp41 — v.. Using path P,, , , we get path

(1,80 —5n—1+6(v1,vs)), arriving at k1 = 30n+1—5(d2 + 6(v1, v;)). Using path
Py, 1., We get path (2,65 — 2 4 0(v1,v,)), resulting in ky = 05 — 2n + 6(v1, vz ).

Utilizing Lemma 3.3, we get
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My kl
>
i 2]
o 20n —+ 1-— 5(d2 — d5)
| 20n2 —21n — 1+ 5n(ds — d2) + 5da — 465 + 6(v1,v,)
Hence,
expin(vy, D®) > 20n% — n + 5n(ds — dy) + 05 + 6 (v1,v,) (4.24)
for every vertex v, positioned on the path vp41 — ve.
The vertex v, is positioned on path v.11 — v4. Using path P,, . , we get path
(2,02 —5n — 2+ d(v1,vs)), leading to ky = 35n + 2 — 5(d2 + §(v1, v,)). Using path
Py, v, we get path (3,65 —340(v1,v,)), ending up with ky = 95 —3n+0(vi, vz).

Utilizing Lemma 3.3, we get
my kl
>

B 20n + 2 — 5(ds — ds)
| 20n? — 21n — 2+ 5n(ds — d2) + 5da — 465 + 6(v1, V)
Hence,
expin(vy, D®) > 20n% — n + 5n(ds — dy) + 05 + 6 (v1,v,) (4.25)
for every vertex v, positioned on the path vei1 — vq4.
The vertex v, is positioned on path v4y; — ve. Using path P,, .. , we get path
(3,92 —5n—3+9(v1,vy)), resulting in k; = 40n+3 —5(d2 +6(v1, v5)). Using path
Py, 1., we get path (4,05 — 4 + 6(v1,v,)), leading to ky = 05 — 4n + 6(v1, vz).

Utilizing Lemma 3.3, we get
My k‘1
i e

o 20n+3—5(d2 —d5)
| 20n? —21n—3—|—5n(d5 —d2)+5d2 — 405 +(5(’01,U$)
Hence,
expin(vy, D®) > 20n% — n + 5n(ds — da) + 05 + 6 (v1,v,) (4.26)
for every vertex v, positioned on the path vg11 — ve.

The vertex v, is positioned on path vey; — vsp41. Using path P, ., we get
path (4,02 — 5n — 4 + 6(v1,v,)), arriving at k1 = 45n + 4 — 5(d2 + 6(v1,v5)).
Using path P, .., we get path (0,05 — 5n — 1 + §(v1,v;)), ending up with
ko =65 —5n — 1+ 6(v1,v,). Utilizing Lemma 3.3, we get

My kl _
=]
20n — 1 — 5(dy — ds)
20n2 + 5n(ds — da) — 26n + 509 — 4ds + 6(v1, vy)

Let pp = 20n—1— 5(d2 — d5) and py = 20n2 + 5n(d5 — dg) — 26n + 59 — 4ds
+d(v1,v,). We consider the walk (p1, p2) from veq1 to v,. Note that path P,

e+1,Vz

is (0,85 —5n — 1+ 6(v1,v,)) and that solving the system Mu + [ i((ljj”“l’“m)) } =
Ve+1,Vz

[ P } results in u; = 20n — 1 — 5(dy — d5) and ug = 0. Because the path P,

Do e+1,Vzx

90



INCOMING LOCAL EXPONENT FOR A TWO-CYCLE BICOLOUR DIGRAPH

lies totally on cycle Qg, there is no (p1,pe2)-walk from wveiq to v,. Therefore,
expin(v,, D(Q)) > p1 + p2. The shortest walk from v.y1 to v, with minimal p; red
arcs and minimal ps red arcs is a (p1 + s(Q2), p2 + t(Q2))-walk. Since s(Q2) +
t(Q2) = 5n+ 1, we get

expin(vy, DP) > p1 + po + 5(Q2) + H(Q2)

= 20n> —n+5n(ds — da) + 95 + 0 (v1,vs) (4.27)
for every vertex v, positioned on the path vey1 — vsn41.

From (4.22), (4.23), (4.24), (4.25), (4.26), and (4.27), we conclude that expin
(vg, DP)) > 20n% —n + 5n(ds — do) + 05 + 0 (v1,v,) for © = 1,2,...,5n + 1.

Next, we will show that expin(v,, D) < 20n% —n+5n(ds — dz) 465+ 6 (v1,v,)
for z = 1,2,...,5n 4+ 1. First, we will show that expin(vy, D) = 20n? —n +
5n(ds — dy) + 05 and then utilize Lemma 3.2 to ensure that expin(v,, D?)) <
20n% — n + 5n(ds — d2) + 65 + 6 (v1,v,) for z =1,2,....5n + 1.

From (4.22), we have expin(vy, D)) > 20n? —n + 5n(ds — d) + 65. Next, it is
necessary to prove that expin(vy, D®)) < 20n? —n + 5n(ds — dy) + d5 for every Uy
and that for y = 1,2,...,5n + 1, the system

vt | 3] |

o 20%—1—5(6[2 —d5)
Tl 20n? —2ln+1+ 5n(ds — d2) + bdy — 405 :|
has a nonnegative integer solution for the path P, ,,.

The solution of system (4.28) is u1 = 20n—1—503 — (5n—4)s(Py, v, ) +5t(Py, v, )
and uz = 05 — (1 —n)s(Py,.q,) — t(Py, v, ). If v, is positioned on the v; — v, path,
then there is a (5,5n — 4 — 6(v1,vy))-path from v, to vi. Using this path, we
determine that u; = 20n — 1 — 5(d2 + 0(v1,vy)) > 4 since dz + d(v1,vy) < 4n —1
for n > 3 and ug = d5 + 6(v1,vy) —1 > 1 since d5 + 6(v1,vy) > n—1forn > 3. If
vy is positioned on the v,41 — vy path, then there is a (4, 5n — 3 — §(v1, vy))-path
from v, to v1. Using this path, we determine that u; = 25n —5(d2 +d(vi,vy)) >0
since 02 + 0(v1,vy) < Bn for n > 3 and up = 95 + 6(v1,vy) —n — 1 > 0 since
95 + d(v1,vy) > n+ 1 for n > 3. If v, is positioned on the vy41 — v. path, then
there is a (3,5n —2 — 6(v1, vy))-path from v, to v1. Using this path, we determine
that u1 = 30n 4+ 1 — 5(d2 + 6(v1,vy)) > 6 since §y + §(v1,vy) < 6n—1 forn >3
and ug = 65 +9(v1,vy) —2n—1 > 3 since d5 +6(v1,vy) > 3n+1forn > 3. If v, is
positioned on the v.11 — vq path, then there is a (2,57 — 1 — §(v1, vy))-path from
vy to v1. Using this path, we determine that u; = 35n 42— 5(d2 + 0(v1,vy)) > 12
since 02 + d(v1,vy) < 6n+1 for n > 3 and us = d5 + 6(v1,vy) —3n — 1 > 2 since
05 + 0(v1,vy) > 4n for n > 3. If v, is positioned on the vg41 — v. path, then
there is a (1,5n — §(v1,vy))-path from v, to v1. Using this path, we determine
that u; = 40n + 3 — 5(d2 + d(v1,vy)) > 18 since §2 + (v, vy) < Tn for n > 3 and
ug = 05+0(v1,vy)—4n—1 > 2 since d5+9(v1, vy) > 5n for n > 3. If v, is positioned
on the ver1 — vsp41 path, then there is a (0,5n 4+ 1 — d(v1, vy))-path from v, to
v1. Using this path, we determine that uy = 45n + 4 — 5(82 + (v, v,)) > 9 since
02 + 6(v1,vy) < 9n—1for n > 3 and up = 65 + 6(vi,vy) —5n — 1 > 0 since
05 + d(v1,vy) > 5n+ 1 for n > 3.

(4.28)
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Therefore, for every y = 1,2,...,5n + 1, the system (4.28) has a nonnegative
integer solution. Proposition 3.1 ensures that for every y = 1,2,...,5n + 1, there

is a vy (m.h) vy walk with m = 20n — 1 — 5(dy — ds) and h = 20n? — 21n + 1+
5n(ds — da) + 5dy — 405. Consequently, expin(vy, D)) < 20n? —n+5n(ds —da) +
85. So, expin(vy, D) = 20n? —n + 5n(ds — dy) + J5. By Lemma 3.2, we conclude
that expin (vg, D®) < 20n% —n+45n(ds —dy)+ 05+ (v1,v,) for z = 1,2, ..., 5n+1.

Case 3. (for ;2 — 2 > 3n)

First, we need to show that expin(v,, D®) > 20n? —n + 5n(d1,1 — d2) + 01,1 +
d (v1,v,). Choose paths P,, ,, and P, ., and define k1 = t(Q2)s(Py,,0,) —
5(Q2)t(Py, v, ) and ko = s(Q1)t (P, v, ) — tH(Q1)5(Po,yy 0, ). We consider six sub-
cases.

The vertex v, is positioned on path v; — v,. Using path P,, ., , we get path
(4,82 — 3+ 0(v1,v,)), arriving at k1 = 20n — 1 — 5(d2 + 6(v1,v,)). Using path
Py, .., we get path (0,01,1 +6(v1,vs)), leading to ke = 61,1 +6(v1, vy). Utilizing

Lemma 3.3, we get &
my 1
>
=]

_ 20n — 1 — 5(d2 - dll)
- 20712 —21n—|—1+5n(d11 —d2)+5d2 —45171 +(5('01,Um)
Hence,
expin(vy, D®) > 20n% — n + 5n(dyy — da) + 011 + 6 (v1,v2) (4.29)
for every vertex v, positioned on the path v; — v,.
The vertex v, is positioned on path v,; — v. Using path P,, ., , we get path
(5,92 — 4 4 d(v1,vy)), ending up with ky = 25n — 5(d2 + d(v1,v,)). Using path
Py, .\ w., we get path (0,011 —n 4+ 0(vi,v,)), leading to ky = 01,1 — n + 0(v1,vz).

Utilizing Lemma 3.3, we get
My kl
>

o 20n — 5(d2 - d11)
o |: 20n2 — 21n + 57’L(d11 — dg) + 5dy — 4(51,1 + (5(’1)17’030)
Hence,
expin(vy, D(2)) > 20n* —n + 5n(dyy — d) + 01,1+ 9 (v1,vy) (4.30)
for every vertex v, positioned on the path v,41 — vp.

The vertex v, is positioned on path vy41 — v.. Using path P, . , we get
path (1,92 —5n — 1 + d(vy,v,)), arriving at k1 = 30n + 1 — 5(d2 + d(v1,vg)).
Using path P, .,, we get path (0,011 — 2n — 3 + 6(v1,v,)), resulting in ko =
911 —2n — 34 6(v1,v,). Utilizing Lemma 3.3, we get

My k‘l o
=]
20n—14—5(d2—d11)

20712 + 5Tl(d11 - dQ) —36n + 11 + 552 - 4d11 + 5(1)1,’01)

Let pP1 = 20n — 14 — 5(d2 — dll) and P2 = 2077,2 + 5n(d11 - dg) —36m+ 11+ 552
—4dy1 + 0(v1,v,). We consider the walk (p1,p2) from wv,y; to v,. Note that
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path Py, o,

S(R) 41,V ) :l |: P1 :|
at1,0z — leads to u; = 20n — 14 — 5(dy — dy1) and us = 0. Be-
|: t(PvaH,vm) D2 1 ( 2 11) 2

cause the path P, ,, lies totally on cycle ()2, there is no (p1, p2)-walk from v, 1
to v,. Therefore, expin(v,, D(Q)) > p1 + p2. The shortest walk from v,41 to v,
with minimal p; red arcs and minimal ps red arcs is a (p1 +$(Q2), p2+t(Q2))-walk.
Since s(Q2) + t(Q2) = 5n + 1, we get

expin(vy, D) > p1 + p2 + 3(s(Q2) + £(Q2))
=20n% —n + 5n(d11 — dg) + (5171 +46 (7)1, ’Uz) (431)

for every vertex v, positioned on the path vy — ve.

The vertex v, is positioned on path v.y; — vgq. Using path P, ,,, we get
path (2,02 — 5n — 2 + &(v1,v,)), leading to k1 = 35n + 2 — 5(d2 + d(v1,vz)).
Using path P, .,, we get path (0,011 —3n — 2 + (v1,v,)), resulting in ky =
01,1 — 3n — 2+ §(v1,v,). Utilizing Lemma 3.3, we get

my k‘l
> =
i 2]
20n — 8 — 5(d2 - Clu)
2077,2 + 57l(d11 — d2) —3In+6+ 552 — 4d11 + (5(’[)17 Uz)

Let p; = 20n —8 — 5(d2 - dll) and py; = 20n? + 5n(d11 - dg) —31n + 6 + 552
—4dy1 + 6(v1,v;). We consider the walk (py,p2) from vey; to v,. Note that
path P, v, is (0,011 — 3n — 2 + §(v1,v,)) and that solving the system Mu +

S(Pva_,.l,vm) _ P1 _ Q. _ _
[ (P | = | o leads to u; = 20n — 8 — 5(ds — d11) and ug = 0. Be-

cause the path P, ., lies totally on cycle Q2, there is no (pi, p2)-walk from v,
to v,. Therefore, expin(v,, D(z)) > p1 + p2. The shortest walk from v,41 to v,
with minimal p; red arcs and minimal ps red arcs is a (p1+s(Q2), p2 +1(Q2))-walk.
Since s(Q2) + t(Q2) = dn + 1, we get

expin(vg, D®) > p1 + pa + 2(s(Q2) + 1(Q2))
=20n? — n+5n(dyy — da) + 611 + 0 (v1,0,) (4.32)

for every vertex v, positioned on the path vey1 — vg.

The vertex v, is positioned on path v441 — ve. Using path P, .., we get
path (3,82 — 5n — 3 + 0(v1, vs)), ending up with k; = 40n + 3 — 5(d2 + d(v1, vz)).
Using path P, ., we get path (0,011 —4n — 1 + 6(v1,v,)), arriving at ky =
01,1 —4n — 1+ §(v1,v,). Utilizing Lemma 3.3, we get

my k‘l o
BRI R
20n — 2 — 5(d2 - dll)
20712 + 5n(d11 — dg) —26m+1+ 552 — 4d11 + 5(U1,UI)
Let py = 20n—2 — 5(d2 — d11) and py = 20n2 + 57’L(d11 — dg) —26n + 1+ 509

—4dy1 + 6(v1,v,). We consider the walk (p1,p2) from v,y; to v,. Note that
path P, is (0,011 —4n — 14 d(v1,v,)) and that solving the system Mu +

is (0,61,1 —2n — 3 + §(v1,v;)) and that solving the system Mu +

a+1,Vz
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S(Pv+1v'):| l:p1:| .
a+1:Va = results in u; = 20n — 2 — 5(d2 — dq1) and ug = 0. Be-
[ t(PUa+1:Uz) P2 ! (da 11) 2

cause the path P, ., »,
to v,. Therefore, expin(v,, D®)) > p; + po. The shortest walk from v,; ;1 to v,
with minimal p; red arcs and minimal ps red arcs is a (p1 +s(Q2), p2 +1(Q2))-walk.
Since s(Q2) + t(Q2) = 5n + 1, we get

expin(vy, D@) > p1 + pa + 5(Q2) + H(Q2)
=20n? — n+5n(dyy — da) + 611 + 0 (v1,0,) (4.33)
for every vertex v, positioned on the path vg11 — ve.
The vertex v, is positioned on path vey1; — vsp41. Using path P, ., we get
path (4, 55—5n—4+5(v1, v,)), leading to k; = 45n+4—5(52+d(v1,v,)). Using path
Py, 1 v, we get path (0,011 —5n+3d(v1,v,)), arriving at ko = 01,1 —5n+6(v1, vz).

Utilizing Lemma 3.3, we get
my k‘l
>

_ 20714’475((12 7d11)
o 20712 —2171—44—5”((111 —dg) +5d2 —4(5171 +(5('U1,’Um)

lies totally on cycle Qs, there is no (p1, p2)-walk from v,1

Hence,
expin(vy, D®) > 2002 — n + 5n(dyy — da) + 011 + 0 (v1,v,) (4.34)

for every vertex v, positioned on the path vey1 — vsn41.

From (4.29), (4.30), (4.31), (4.32), (4.33), and (4.34), we conclude that expin
(vz, D@ > 20n% — n + 5n(dyy — da) + 811 + 6 (v1,v,) for z=1,2,...,5n + 1.

Next, we will show that expin(v,, D)) < 20n? —n+5n(di1—da)+61,1+6 (v1,v;)
for £ = 1,2,...,5n 4+ 1. First, we will show that expin(vy, D®) = 20n? — n +
5n(di1 — d2) + 61,1 and then utilize Lemma 3.2 to ensure that expin(vw,D(Q))
<20n% —n+5n(dy — d) + 61,1 + 0 (v1,v;) for @ =1,2,...,5n + 1.

From (4.29), we have expin(vy, D) > 20n? — n + 5n(dy; — d2) + 81.1. Next,
it is necessary to prove that expin(vy, D®) < 20n? — n + 5n(dy; — da) + 91,1 for
every vy and that for y = 1,2,...,5n + 1, the system

S(va,vl)
Mu [ H(Poyy) }

o 20n —1— 5(d2 — dll)
Tl 20m2 —21n+1 + 5ﬂ(d11 — dg) + 5dy — 46171 ]
has a nonnegative integer solution for the path P, ,,.

The solution of system (4.35) is uy = 20n—1—502— (5n—4)s(P,, v, ) +5t( Py, ;)
and ug = 11 — (1 = n)s(Py, a,) — t(Po,0,). If vy is positioned on the vy — v,
path, then there is a (5, 5n — 4 — 6(v1, vy))-path from v, to v1. Using this path, we
determine that uy = 20n — 1 — 5(d2 + d(v1,vy)) > 24 since 62 + 0(v1,vy) < 2n+1
for n > 3 and up = 61,1 +6(v1,vy) —1 > 0 since 01,1 +6(v1,vy) > n—2 for n > 3. If
vy is positioned on the v,11 — v, path, then there is a (4, 5n — 3 — §(v1, vy))-path
from v, to v1. Using this path, we determine that uq = 25n —5(d2 +d(v1,vy)) > 0
since 9y + 6(v1,vy) < bn for n > 3 and ug = §11 + 6(vi,vy) —n — 1 > 0 since
911+ d(vi,vy) > n+1 for n > 3. If vy is positioned on the vp11 — v, path, then

(4.35)
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there is a (3,5n —2 — 6(v1, vy))-path from v, to v1. Using this path, we determine
that uq = 30n+1—>5(02 +9(v1,vy)) > 6 since d2 +(v1,vy) < 6n—1 for n > 3 and
ug = 01,1 +6(vi,vy) —2n —1 > 4 since 01,1 + 6(vi,vy) > 4n — 1 for n > 3. If v, is
positioned on the ve41 — vg path, then there is a (2,5n — 1 — §(vy, vy))-path from
vy to v1. Using this path, we determine that u; = 35n 42 —5(d2 + (v, v,)) > 12
since d + d(v1,vy) < 6n+1 for n > 3 and ug = §11 + 0(v1,vy) —3n — 1 > 3 since
01,1 +9(v1,vy) > 4n+1 for n > 3. If v, is positioned on the vgy1 — ve path, then
there is a (1,5n — §(v1,vy))-path from v, to v1. Using this path, we determine
that u; = 40n + 3 — 5(d2 + d(v1,vy)) > 18 since § + (v, vy) < Tn for n > 3 and
up = 01,1 + 0(v1,vy) —4n — 1 > 2 since 61,1 + 6(vi,vy) > 5n for n > 3. If vy is
positioned on the vey1 — vs,+1 path, then thereis a (0, bn+1—46(vy, vy ))-path from
vy to v1. Using this path, we determine that uy = 45n 44 —5(d2 + 6(v1,vy)) > 29
since d2 + d(v1,vy) < Tn+1 for n > 3 and ug = §1,1 + 6(v1,vy) —5n—1 > 1 since
01,1 +0(v1,vy) > 5n+ 2 for n > 3.

Therefore, for every y = 1,2,...,5n + 1, the system (4.35) has a nonnegative
integer solution. Proposition 3.1 ensures that for every y = 1,2, ...,5n + 1, there

is v, "8 v walk with m = 20n — 1 — 5(ds — d11) and h = 20n® — 21n + 1+
5n(d11 — d2) + 5da — 401,1. Consequently, expin(vy, D®) < 20n? —n 4+ 5n(dyy —
da) + 611. So, expin(vy, D®) = 20n? — n + 5n(dy; — do) + d1,1. By Lemma 3.2,
we conclude that expin (v, D(Q)) <20n% — n+5n(diy — da) + 011 + 6(v1, vy) for
every x = 1,2,...,5n + 1. O

5. Conclusion

Incoming local exponents in a two-cycle Hamiltonian bicolour digraph with a cy-
cle difference of 4n+1 can generally be obtained with the formula expin(v,, D)) <
expin(vy,D(Q)) + 0(vy,v;). Future research is expected to generalize incoming-
local-exponent two-cycle Hamiltonian bicolour digraphs formulas for cycles with
lengths n and kn + 1.
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