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Abstract. In this paper, our ways are combinatorial counting methods. In the use of the

number N(G, k) of S(n)-factors with exactly k components, the author gaines combinatorial

identities related to equation from enumeration of complete i-partite graphs and present

a combinatorial formula on enumeration of complete i-partite graphs Finally, a beautiful

identity of order 4 on the Stirling number of the first kind is given .

1. Lemmas

Lemma 1[1] Let N(Ḡ, k) be the number of S(n)-factors with exactly k com-
ponents in complementary graph Ḡ. Then

n∑

k=1

(n)kN(Ḡ, k) tk = e

∫ ∑n
k=1 k(n)kN(Ḡ, k) tk

t
∑n

k=1(n)kN(Ḡ, k) tk
dt

.

Lemma 2[2] Suppose G = (X1, X2, · · · , Xi) is a complete i-partite graph.
Then there exists the combinatorial identity on N(G, k) as follows:

n∑

k=1

k!N(G, k)
(

n

k

)
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− |X1|, n− |X2|, · · · , n− |Xi|
)

,

Where |X1|+ |X2|+ · · ·+ |Xi| = n.
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2 LiMin Yang

Lemma 3[2] Let G = (X1, X2) be a complete 2-partite graph, and |X1| =
|X2| = m. Then

2m∑

k=1

k!N(G, k)
(

2m

k

)
= (2m)!

(
2m

m,m

)
.

2. Theorems

Theorem 1 If N(G, k) is the number of S(n)-factors with exactly k compo-
nents in any complete i-partite graph G, then

e

∫ ∑n
k=1 k(n)kN(G, k)tk

t
∑n

k=1(n)kN(G, k)tk
dt∣∣

t=1
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− n1, n− n2, · · · , n− ni

)
,

where n1 + n2 + · · ·+ ni = n.

Proof: Suppose G is a complete i-partite graph, G = (X1, X2, · · · , Xi), |X1| =
n1, |X2| = n2, · · · , |Xi| = ni, and n1 + n2 + · · ·+ ni = n. Then by Lemma 2

n∑

k=1

k!N(G, k)
(

n

k

)
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− n1, n− n2, · · · , n− ni

)
, (2.1)

where |Xj | = nj , 1 ≤ j ≤ i, n1 + n2 + · · ·+ ni = n.
Suppose G is any graph, Ḡ is the complementary graph of G. Then by

Lemma 1 we obtain

n∑

k=1

(n)kN(Ḡ, k)tk = e

∫ ∑n
k=1 k(n)kN(Ḡ, k)tk

t
∑n

k=1(n)kN(Ḡ, k)tk
dt

(2.2)

(see[1]).
On the other hand, let H = Kn1∪Kn2∪· · ·∪Kni , Kp∩Kq = φ, any p, q, p 6=

q, 1 ≤ p, q ≤ i, then H̄ is the complete i-partite graph (X1, X2, · · · , Xi), where
|Xj | = nj , 1 ≤ j ≤ i. From (2.2) then

n∑

k=1

(n)kN(G, k)tk = e

∫ ∑n
k=1 k(n)kN(G, k)tk

t
∑n

k=1(n)kN(G, k)tk
dt

(2.3)

where G = H̄ = Kn1,n2,··· ,ni , and by (2.1) the left
n∑

k=1

k!N(G, k)
(

n

k

)
=

n∑

k=1

N(G, k)(n)k =
n∑

k=1

(n)kN(G, k),
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let t = 1 in the left of (2.3), obtain
n∑

k=1

(n)kN(G, k)tk|t=1 =
n∑

k=1

(n)kN(G, k),

where G = Kn1,n2,··· ,ni . By using (2.1) and (2.3), we derive the combinatorial
identity related to equation

e

∫ ∑n
k=1 k(n)kN(G, k)tk

t
∑n

k=1(n)kN(G, k)tk
dt∣∣

t=1
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− n1, n− n2, · · · , n− ni

)
,

where N(G, k) is the number of S(n)-factors with exactly k components in the
complete i-partite graph, and n1 + n2 + · · ·+ ni = n.

Corollary 1 Let G be a complete 2-partite graph, G = (X1, X2), and |X1| =
m, |X2| = m. Then

e

∫ ∑2m
k=1 k(2m)kN(G, k)tk

t
∑2m

k=1(2m)kN(G, k)tk
dt
|t=1 =

[(2m)!]2

(m!)2
.

Proof: If G is a complete 2-partite graph, G = (X1, X2), and |X1| =
m, |X2| = m, then by Lemma 3

2m∑

k=1

k!N(G, k)
(

2m

k

)
= (2m)!

(
2m

m,m

)
= (2m)!

(2m)!
m!m!

=
[(2m)!]2

(m!)2
.

the left
2m∑

k=1

k!N(G, k)
(

2m

k

)
=

m∑

k=1

(2m)kN(G, k),

by Theorem 1 as the following

2m∑

k=1

k!N(G, k)
(

2m

k

)
= e

∫ ∑2m
k=1 k(2m)kN(G, k)tk

t
∑2m

k=1(2m)kN(G, k)tk
dt∣∣

t=1
= (2m)!

(
2m

m,m

)
=

[(2m)!]2

(m!)2

The proof is completed.

Corollary 2 Suppose G is a complete 3-partite graph, G = (X1, X2, X3),
and |X1| = n1, |X2| = n2, |X3| = n3. Then

e

∫ ∑n
k=1 k(n)kN(G, k)tk

t
∑n

k=1(n)kN(G, k)tk
dt
|t=1 = (n1)!(n2)!(n3)!

(
n

n1

)(
n

n2

)(
n

n3

)
,
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where n1 + n2 + · · ·+ ni = n.

Proof: Because G is a complete 3-partite graph, G = (X1, X2, X3), and
|X1| = n1, |X2| = n2, |X3| = n3, by Lemma 2 we derive

n∑

k=1

k!N(G, k)
(

n

k

)
=

(n!)3

(2n)!

(
2n

n− n1, n− n2, n− n3

)
,

Where n1 + n2 + n3 = n.

(n!)3

(2n)!

(
2n

n− n1, n− n2, n− n3

)
=

(n!)3

(2n)!
· (2n)!
(n− n1)!(n− n2)!(n− n3)!

,

where n1 + n2 + n3 = n, (n− n1) + (n− n2) + (n− n3) = 2n,

(n!)3

(2n)!
· (2n)!
(n− n1)!(n− n2)!(n− n3)!

=
(n!)3(n1)!(n2)!(n3)!

(n− n1)!(n1)!(n− n2)!(n2)!(n− n3)!(n3)!

=(n1)!(n2)!(n3)!
(

n

n1

)(
n

n2

)(
n

n3

)
,

and from Theorem 1 we gain

e

∫ ∑n
k=1 k(n)kN(G, k)tk

t
∑n

k=1(n)kN(G, k)tk
dt∣∣

t=1
= (n1)!(n2)!(n3)!

(
n

n1

)(
n

n2

)(
n

n3

)
,

where G is a complete 3-partite graph, n1 + n2 + n3 = n.

Corollary 3 Let G be a complete 3-partite graph, G = (X1, X2, X3) =
Km,m,m, and |X| = m. Then

e

∫ ∑3m
k=1 k(3m)kN(G, k)tk

t
∑3m

k=1(3m)kN(G, k)tk
dt
|t=1 = (m!)3

(
3m

2m,m

)3

.

Proof: Because G is the complete 3-partite graph, G = (X1, X2, X3) =
Km,m,m, and |X| = m, by the Corollary 2 then

e

∫ ∑3m
k=1 k(3m)kN(G, k)tk

t
∑3m

k=1(3m)kN(G, k)tk
dt
|t=1 =

[(3m)!]3

(6m)!

(
6m

2m, 2m, 2m

)

=
[(3m)!]3

(6m)!
(6m)!

(2m)!(2m)!(2m)!
=

[(3m)!]3

(2m)!(2m)!(2m)!

=
[(3m)!]3m!m!m!

(2m)!m!(2m!)m!(2m)!m!
= (m!)3

(
3m

2m,m

)3

.

The proof is completed.
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Corollary 4 If G is any complete i-partite graph, G = (X1, X2, · · · , Xi) =
Km,m,··· ,m, and |X| = m, then

e

∫ ∑im
k=1 k(im)kN(G, k)tk

t
∑im

k=1(im)kN(G, k)tk
dt∣∣

t=1
=

[(im)!]i

[(i− 1)im]!

(
(i− 1)im

(i− 1)m, (i− 1)m, · · · , (i− 1)m

)
,

where m ∈ N, i ∈ N .

Proof: Because G is any complete i-partite graph, G = (X1, X2, · · · , Xi) =
Km,m,··· ,m, and |X| = m, n = |X|+ |X|+ · · ·+ |X| = im, nj = m, 1 ≤ j ≤ i,
by Theorem 1 we derive as follows:

e

∫ ∑im
k=1 k(im)kN(G, k)tk

t
∑im

k=1(im)kN(G, k)tk
dt∣∣

t=1
=

[(im)!]i

[(i− 1)im]!

(
(i− 1)im

(i− 1)m, (i− 1)m, · · · , (i− 1)m

)
,

The proof is completed .

3. Identities from complete i-partite graphs

Theorem 2 There exists combinatorial identity from complete i-partite
graphs

n∑

k=1

k! det Mk

(
n

k

)
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− |X1|, n− |X2|, · · · , n− |Xi|
)

,

where |X1|+ |X2|+ · · ·+ |Xi| = n,

Mk =




s(1, 1) s(2, 1) · · · ∑
P

1≤j≤i
lj=1

i∏
j=1

s(|Xj |, lj) s(n−1, 1) s(n, 1)

0 s(2, 2) · · · ∑
P

1≤j≤i
lj=2

i∏
j=1

s(|Xj |, lj) s(n−1, 2) s(n, 2)

· · · · · · · · · · · · · · · · · ·
0 0 · · · ∑

P
1≤j≤i

lj=n−1

i∏
j=1

s(|Xj |, lj) s(n−1, n−1) s(n, n−1)

0 0 · · · ∑
P

1≤j≤i
lj=n

i∏
j=1

s(|Xj |, lj) 0 s(n, n)




n×n

,

s(n, k) is the Stirling of the first kind.
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Proof: Because of

n∑

k=1

k!N(G, k)
(

n

k

)
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− |X1|, n− |X2|, · · · , n− |Xi|
)

and N(G, k) = det Mk, (see[ ],counting formulas of complete i-partite graphs)
then

n∑

k=1

k! det Mk

(
n

k

)
=

(n!)i

[(i− 1)n]!

(
(i− 1)n

n− |X1|, n− |X2|, · · · , n− |Xi|
)

,

where |X1|+ |X2|+ · · ·+ |Xi| = n,

Mk =




s(1, 1) s(2, 1) · · · ∑
P

1≤j≤i
lj=1

i∏
j=1

s(|Xj |, lj) s(n−1, 1) s(n, 1)

0 s(2, 2) · · · ∑
P

1≤j≤i
lj=2

i∏
j=1

s(|Xj |, lj) s(n−1, 2) s(n, 2)

· · · · · · · · · · · · · · · · · ·
0 0 · · · ∑

P
1≤j≤i

lj=n−1

i∏
j=1

s(|Xj |, lj) s(n−1, n−1) s(n, n−1)

0 0 · · · ∑
P

1≤j≤i
lj=n

i∏
j=1

s(|Xj |, lj) 0 s(n, n)




n×n

,

s(n, k) is the Stirling of the first kind.

Corollary 5 There exists the combinatorial identity

4m∑

k=1

k! det Mk

(
4m

k

)
=

[(4m)!]4

[(3m)!]4
,
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where

Mk =




s(1, 1) s(2, 1) · · · ∑
P

1≤j≤4
lj=1

4∏
j=1

s(m, lj) s(n−1, 1) s(n, 1)

0 s(2, 2) · · · ∑
P

1≤j≤4
lj=2

4∏
j=1

s(m, lj) s(n−1, 2) s(n, 2)

· · · · · · · · · · · · · · · · · ·
0 0 · · · ∑

P
1≤j≤4

lj=n−1

4∏
j=1

s(m, lj) s(n−1, n−1) s(n, n−1)

0 0 · · · ∑
P

1≤j≤4
lj=n

i∏
j=4

s(m, lj) 0 s(n, n)




n×n

,

s(n, k) is the Stirling of the first kind.

Proof: Let G be a complete 4-partite graph,and G = (X1, X2, X3, X4) =
Km,m,m,m, |X| = m, n = 4m, nj = m, 1 ≤ j ≤ 4. Then by Theorem 2 there
exacts combinatorial identity

4m∑

k=1

k!N(G, k)
(

4m

k

)
=

[(4m)!]4

[(3m)!]4
,

where

Mk =




s(1, 1) s(2, 1) · · · ∑
P

1≤j≤4
lj=1

4∏
j=1

s(m, lj) s(n−1, 1) s(n, 1)

0 s(2, 2) · · · ∑
P

1≤j≤4
lj=2

4∏
j=1

s(m, lj) s(n−1, 2) s(n, 2)

· · · · · · · · · · · · · · · · · ·
0 0 · · · ∑

P
1≤j≤4

lj=n−1

4∏
j=1

s(m, lj) s(n−1, n−1) s(n, n−1)

0 0 · · · ∑
P

1≤j≤4
lj=n

i∏
j=4

s(m, lj) 0 s(n, n)




n×n

,

s(n, k) is the Stirling of the first kind.
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Corollary 6 There exists the combinatorial identity
im∑

k=1

k! det Mk

(
im

k

)
=

[(im)!]i

[((i− 1)m)!]i
,

where

Mk =




s(1, 1) s(2, 1) · · · ∑
P

1≤j≤i
lj=1

i∏
j=1

s(m, lj) s(n−1, 1) s(n, 1)

0 s(2, 2) · · · ∑
P

1≤j≤i
lj=2

i∏
j=1

s(m, lj) s(n−1, 2) s(n, 2)

· · · · · · · · · · · · · · · · · ·
0 0 · · · ∑

P
1≤j≤i

lj=im−1

i∏
j=1

s(m, lj) s(n−1, n−1) s(n, n−1)

0 0 · · · ∑
P

1≤j≤i
lj=im

i∏
j=i

s(m, lj) 0 s(n, n)




n×n

,

s(n, k) is the Stirling of the first kind, n = im.

Proof: Let G be a complete i-partite graph, and G = (X1, X2, · · · , Xi) =
Km,m,··· ,m, and |X| = m, n = |X|+ |X|+ · · ·+ |X| = im, nj = m, 1 ≤ j ≤ i.
By Theorem 2 then

im∑

k=1

k! det Mk

(
im

k

)
=

[(im)!]i

[((i− 1)m)!]i
,

where

Mk =




s(1, 1) s(2, 1) · · · ∑
P

1≤j≤i
lj=1

i∏
j=1

s(m, lj) s(n−1, 1) s(n, 1)

0 s(2, 2) · · · ∑
P

1≤j≤i
lj=2

i∏
j=1

s(m, lj) s(n−1, 2) s(n, 2)

· · · · · · · · · · · · · · · · · ·
0 0 · · · ∑

P
1≤j≤i

lj=im−1

i∏
j=1

s(m, lj) s(n−1, n−1) s(n, n−1)

0 0 · · · ∑
P

1≤j≤i
lj=im

i∏
j=i

s(m, lj) 0 s(n, n)




n×n

,
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Combinatorial identities from complete i-partite graphs 9

s(n, k) is the Stirling of the first kind, and n = im.

4. Conclusions

In this paper, it is the main result that a beautiful identity of order 4 on
the Stirling number of the first kind is given. It is very difficult and value in
combinatorics from graphical enumeration.
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