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Abstract. In this paper, our ways are combinatorial counting methods. In the use of the
number N(G, k) of S (™) _factors with exactly k components, the author gaines combinatorial
identities related to equation from enumeration of complete i-partite graphs and present
a combinatorial formula on enumeration of complete i-partite graphs Finally, a beautiful

identity of order 4 on the Stirling number of the first kind is given .

1. LEMMAS

Lemma 1[1] Let N(G, k) be the number of S(")_factors with exactly k com-
ponents in complementary graph G. Then

> hey k(s N (G, k) t*
n _ : dt

S ()N (G k) tE = )t g (kN (G )
k=1

Lemma 2[2] Suppose G = (Xj, Xo, -, X;) is a complete i-partite graph.
Then there exists the combinatorial identity on N(G, k) as follows:

ékww’ g @ - [((—nll))n]'<n — |Xil,n f&;{@“ - |Xil>’

Where |X1| + [ Xao| + -+ + | Xs| = n.
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Lemma 3[2] Let G = (X, X2) be a complete 2-partite graph, and |X;| =
| X2| = m. Then

i KIN(G, k) (2]7:) — (2m)! (iﬂ;@) .

2. THEOREMS

Theorem 1 If N(G, k) is the number of S -factors with exactly k compo-
nents in any complete i-partite graph G, then
> b1 k(e N (G, k)t*
n Rt (nl)? (i—1)n
of E i ENG R < )
- y I — 1y

[(i — D)n]!\n—n1,n—ng,---

where nq +ng + - +n; = n.

Proof: Suppose G is a complete i-partite graph, G = (X1, Xo, -+, X;),|X1| =

ni, | Xo| =na, - ,|X;| =mn4, and ny +ng + -+ +n; =n. Then by Lemma 2
S RIN(GL k) (”) - (”)< (i—1)n > (2.1)
— k (i —Dnll\n—ni,n—ng, -+ ,n—n;

where |X;| =nj,1 <j<ini+tng+-+n=n
Suppose G is any graph, G is the complementary graph of G. Then by
Lemma 1 we obtain

)

k
dt
k)

n Zz:l k(n)kN(C:;v
S" RN (G R)E = o) T2k (RN (G
k=1

tk
k
: (2.2)

(see[1]).

On the other handl let H = K,,, UK,,,U---UK,,,, K,NK, = ¢, any p,q,p #
q,1 < p,q <i, then H is the complete i-partite graph (X, Xo, -, X;), where
| Xl =mn;,1 <j <i. From (2.2) then

n ZZ:l k(n)kN(Gv k>tk dt

S N (G R)tE = o) T2 (RN (G R (2.3)
k=1
where G = H = Ky, ny.... n;, and by (2.1) the left

n

3

BV (1) = SO NG B = Y- (NGB

k= 1 k=1

—_
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let t = 1 in the left of (2.3), obtain

n n

> (N (G E)tFlim = > (n)iN(G, k),

k=1 k=1
where G = Ky, ny. n;- By using (2.1) and (2.3), we derive the combinatorial
identity related to equation
> B(n)eN (G, k)t*
n Rat (nl)? (i—1)n
o o ()N (G, k)t < )
y T — "Ny

i1 = [(i — Dn)! \n—ni,n —ng,- -

where N(G, k) is the number of S(-factors with exactly k components in the
complete ¢-partite graph, and ny +no +--- + n; = n.

Corollary 1 Let G be a complete 2-partite graph, G = (X1, X2), and | X;| =
m, | X2| = m. Then
Sk k@m)kN (G, k)*

o) ESIEMEN(G R [(2m)!)?
N T el

Proof: If G is a complete 2-partite graph, G = (X, X2), and |X;| =
m, | X2| = m, then by Lemma 3

ik!N(G, k) (2]:%) _ (Qm)!< 2m ) _ (Qm)!(Qm)! _lem?

m,m m!m! (m!)?
the left
2m 2 m
S e’ ) = 3 @G,

k=1
by Theorem 1 as the following

2m > k(2m)kN(G7k)tkdt )
S RN, @(2;;) _ SN (G R :(Qm)!< 2m ) _ [2m)]

k=1

The proof is completed.

Corollary 2 Suppose G is a complete 3-partite graph, G = (X1, X2, X3),
and | X1| = n1, | X2| = ng, | X3| = n3. Then

S k(n)pN(G, k)tF @t
of IRANGDET L et ) (1) (1),

ni no ns
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where nqy +no + - +n; =n.

Proof: Because G is a complete 3-partite graph, G = (X3, X9, X3), and
| X1] = n1,|X2| = ne, | X3| = n3, by Lemma 2 we derive

Frawon(() <, ")

Where ni + no +ng = n.

(n!) ( 2n > _ (nl)° (2n)
(2n)!'\n —ny,n —ng,n —ng 2n)!  (n —mn)!(n —n2)!(n — n3)!’
where ny +ny +n3 =n, (n—n1) + (n —n2) + (n — ng) = 2n,

(n!)3 (2n)! B (n!)3(n1)!(n2)!(n3)!

@2n)! (n—n)l(n—n2)l(n—n3)!  (n—n1)l(n)(n — n2)(n2)!(n — n3)!(ns)!
and from Theorem 1 we gain

wnren(2)(2)(2)
> it K(n)eN (G, k)t*

t> k1 ()N (G, k)tr dt|t:1 = (nl)!(nz)!(n3)!<n> <n> <n)’

ny n2 n3

where G is a complete 3-partite graph, ni + ng + n3 = n.

Corollary 3 Let G be a complete 3-partite graph, G = (X1, Xo, X3) =
Ky mm, and | X| = m. Then
SR kBm)sN (G, R
3 3
R lt=1 :(m!)3< - ) :

2m,m

Proof: Because G is the complete 3-partite graph, G = (X, X9, X3) =
K mm, and | X| = m, by the Corollary 2 then

>my KBm)EN (G, k)t*

dt 13
£S5 (3m) N (G, k)tk s _[Bm)Y] 6m
= (6m)! \2m,2m,2m
_Bm)1P? (6m)! [(3m)!)°
! |

T (6m)! 2m)@m)!(2m)! ~ (2m)!(2m)!(2m)!

[(3m)!]? m!m!m!)‘m' _ (m!)3< 3m >3'

- (2m)!m!(2m!)m!(2m)! 2m, m

The proof is completed.
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Corollary 4 If G is any complete i-partite graph, G = (X1, Xo, -+, X;) =
Kpm,. m, and | X| = m, then

Sy k(im)iN (G, k)t*
o) 2t (im)p N(G, k)t

- [(i — L)im)!

_ [m) ( (i—vim )

where m € N,i € N.

Proof: Because G is any complete i-partite graph, G = (X1, Xo, -, X;) =
Kpmm,...m, and | X|=m, n = |X|+|X|+ -+ |X]|=im, nj =m, 1 < j <4,
by Theorem 1 we derive as follows:

Skl k(im)iN (G, k)E* o
o TR m)N(G Ryt LI

(1 —1)im
t=1 " [(i — 1)im]! ((i —)m, (i — Dm, -, (i — 1)m>’

The proof is completed .

3. IDENTITIES FROM COMPLETE I-PARTITE GRAPHS

Theorem 2 There exists combinatorial identity from complete i-partite
graphs

where | X1| + | Xo| + -+ + | Xi| = n,

s(1,1) s(2,1) - > ILs(X5l8)  s(n=1,1) s(n, 1)
2 =177t
1<5<e7
0 s(2,2) - > IIs(1X50, ) s(n—1,2) s(n,2)
1§j§ilﬂ':2j:1
My = .. :
0 U > I s(X5l) s(n=1,n=1) s(n,n—1)
1§j§ilj:”_1J:1
00 ¥ s 0 sn,)
1 edi=n’™

nxn

s(n, k) is the Stirling of the first kind.
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Proof: Because of

f:k!N(G, k) <Z> = [(z(—n'l))n]'<n R EZ‘;(;)H n— ‘Xi‘>

k=1

and N (G, k) = det My, (see[ ],counting formulas of complete i-partite graphs)
then

et <Z> B [((f'l))n]'<n Xl Eir;ler)f-- - rXil>’

k=1
where |X1| + | Xa| + -+ +|Xi| = n,

]

8(171) 3(271) Z HS(|Xj’7lj) S(n_lal) S(?’L,l)

2 =771
1<5<id

0 s(2,2) - > T s(X51 ) s(n—1,2) s(n,2)

151'97:2]:1
M, = )

0 0o - > I s(Xl) s(n—1,n—-1) s(n,n—1)
=1
1 e da=n—1’

00 S IsXL) 0 s(n,m)
19917':”]_

nxn

s(n, k) is the Stirling of the first kind.

Corollary 5 There exists the combinatorial identity
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where
4
8(171) 8(27 1) Z H (mvl]) S(n_lal) S(”v 1)
=1
1§j§4lj:1J
4
0 s(2,2) .- > I sim, 1) s(n—1,2) s(n,2)
2 =271
1<5<4
Mk = : )
4
0 0 > I s(m,l;) s(n—1,n—1) s(n,n—1)
=1
1§j§4lj:n—1]
0 0 > 11 s(m, 1) 0 s(n,n)
=4
13j§4lj:nj nxn
s(n, k) is the Stirling of the first kind.
Proof: Let G be a complete 4-partite graph,and G = (X1, X9, X3, X4) =
Kpmmm, | X| =m, n=4m, nj =m, 1 < j < 4. Then by Theorem 2 there
exacts combinatorial identity
Sl am\  [(dm))*
k!N (G, k = _
> v @n('}') =
k=1
where
4
s(1,1) s(2,1) --- > I stm,1y) s(n—1,1) s(n, 1)
> =171
1<5<4
4
0 5(2,2) > I stm,1y) s(n—1,2) s(n,2)
2 =271
1<5<4
4
0 0 > II s(m,l;) s(n—1,n—1) s(n,n—1)
1§j§4lj:n71]:1
0 0 > 11 s(m, 1) 0 s(n,n)
> l; nJ:4
1sj<47 nxn

s(n, k) is the Stirling of the first kind.
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Corollary 6 There exists the combinatorial identity

o im\ [
> wtaean (V) = i

k=1
where
5(171) 8(27 1) Z H S(mv l]) 8(71—1,1) S(n’ 1)
=1
1=
0 s(2,2) .- Yoo 11 s(m, 1) s(n—1,2) s(n,2)
=1
1<li=2"
My, = ;
0 0 > Il s(m,l;) s(n—1,n—1) s(n,n—1)
2 p=im—1771
1<5<id
0 0 > 11 s(m,iy) 0 s(n,n)
2 L=im I
1<j<i nxn
s(n, k) is the Stirling of the first kind, n = im.
Proof: Let G be a complete i-partite graph, and G = (X1, Xo, -+, X;) =
Kpmm, and | X| =m, n=|X[+|X|+ -+ |X|=im, nj =m, 1 < j <.
By Theorem 2 then
o im [(im)!]i
k:!deth< ) = e
2 k)= G- DT
where
5(1’1) 8(27 1) Z H S(TTL, l]) S(ﬂ*l,l) S(’I’L, 1)
2 =171
1<5<e7
0 s(2,2) - > 11 s(m, 1) s(n—1,2) s(n,2)
> = d=l
1<5<i
0 0 > Il s(m,l;) s(n—1,n—1) s(n,n—1)
2 p=im—1771
1<5<a7
0 0 > Il s(m,iy) 0 s(n,n)
Z ,l':imj:Z
1<5<e7 nxn
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s(n, k) is the Stirling of the first kind, and n = im.

4. CONCLUSIONS

In this paper, it is the main result that a beautiful identity of order 4 on
the Stirling number of the first kind is given. It is very difficult and value in
combinatorics from graphical enumeration.
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