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Abstract. By means of partial fraction decomposition method, this paper investigates
the problems on combinatorial computations of trigonometric identities with double free
parameters, which yields a series of trigonometric sum formulae.

1. INTRODUCTION

The partial fraction decomposition of rational function is very useful in
mathematics. For example, in order to integrate a rational function, it is cru-
cial to obtain the partial fraction decomposition. Through partial fraction
decompositions Chu and Marini [2] derived numerous important formulae for
evaluating trigonometric sums. As continuation and extension of this ap-
proach, in this paper, we shall develop parametric decompositions of partial
fractions, establish trigonometric sum identities with an extra free parameter
y, which generalize naturally the corresponding results obtained by Chu and
Marini.

2. PARTIAL FRACTION DECOMPOSITION

In this section, we shall establish two trigonometric identities involving dou-
ble free parameters through partial fraction decompositions.
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Theorem 2.1. If P(0) is a Laurent polynomial of degree < n in “cos” , y
1s a real free parameter, then holds:

4n cosny sinnfP(0) 23_:1 (—1)F+1P(y + l%r)

- — =
sin 0 (cos 2ny — cos 2nf) cos§ — cos(y + £T)

k=0

Proof. First, we suppose 0 < y < m/n,0 < 6 < 7. The trigonometric function
S;?H%QP(G) may be considered as a polynomial of degree < 2n—1in “cos#”, and
cos 2ny—cos 2nf as a polynomial of degree 2n in “cos6”, whose 2n distinct
zeros are {0y }7"" with 6 = y+ ’% We have an expansion in partial fractions

sinndP(0) B 2§_:1

sin 0 (cos 2ny — cos 2nb)

M
cosf — cos by’

(2.1)

Multiplying across (2.1) by cos f—cos 0y and setting § — 6, we can determined

A — Tim sinnf(cos — cosOy)P(0)  sinnyP(0k) .. cos ) — cos by,
M7 620, sinf(cos2ny — cos2nf)  (—1)Fsin 6 60, cos2ny — cos2nf’

Therefore we derive through L’Hopital’s rule that

_1)klp km
Ak:( TPy + ) (2.2)
4n cosny

Putting (2.1) and (2.2) together, we confirm the trigonometric sum identity
displayed in Theorem 2.1.

Although we have supposed 0 < y < 7/n, 0 < § < m in previous proof, but
we can check without difficulty that Theorem 2.1 is available for any possible
y,0. O

In terms of similarly process other trigonometric sum identities may be
expressed:

Theorem 2.2. If P(0) is a Laurent polynomial of degree < n in “cos” , y
s a real free parameter, then holds:

4n sinny sinnfP(0) 2nz—1 (—1)*+1P(y + 1+2k7r)
sin @ (cos 2ny + cos2nf) £~ cosf — cos(y + 1+2k:7r)

Theorem 2.3. If P(0) is a Laurent polynomial of degree < n in “cos@” , y
s a real free parameter, then holds:

4n cosny cosnfP(0) 2§1 (—1)*sin (y + 1+2k7r)P(y+ 1+2kﬂ)
sin @ (cos 2ny + cos 2nh) P cos§ — cos(y + 1+2k7r) :

The general results displayed in the previous three theorems imply numerous
identities on trigonometric sums, which will be exhibited as followers:

42



Partial Fraction Decompositions and Some Trigonometric Identities

Example 2.4. Let P(8) =1 in Theorem?2.1, we derive

i, (—=1)¥ cos (y + kn/n) 2n sin nf cos ny
Z 2 2 = = n odd;
£ cos (y + km/n) — cos? 6 sin f(cos 2ny — cos 2nh)
— (—1)k cos 6 2n sin nf cos ny
Z = — n even.
— cos? (y + km/n) — cos? 6 sin f(cos 2ny — cos 2nh)
Example 2.5. Let P(8) = 2cosnf in Theorem?2.1, we derive
n—1
Z cos _ nsin 2no
— cos? (y + km/n) —cos2a  sin a(cos 2ny — cos 2na)’
Example 2.6. Let P(0) = 2cosnb in Theorem?2.2, we derive
— cos 6 nsin 2nf
Z = n even.

cos?f — cos? (y + 12k m)  sinf(cos 2ny + cos 2nd)

Example 2.7. Let P(0) =1 in Theorem?2.3, we derive

nz_:l (—1)%sin (y + 25 7) cos (y + ) _ 2ncosnacos ny
cos? a COS2 (y + H2km) cos 2ny + cos 2na’

k=0

When y = 0, the corresponding sums in Example2.4-2.7 to the moment
have been studied by Chu and Marini [2].

The trigonometric identities in Example2.4-2.7 involve double free param-
eters y, 0, we consequently can establish a series of closed formulae of finite
trigonometric sums (See [5]).

There are other interesting trigonometric sum identities, for example, those
appeared in Berndt[1], Chu[3], and Gessel[4]. The reader is encouraged to try
further.
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