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Abstract. In this paper, enumeration of Independent Sets of Graphs is NP-hard, our ways
are combinatorial counting methods. In the use of the number N (G, k) of S™-factors with
exactly k components, the authors gain the representing formula of the number a(G) of all
k independent sets of graphs and the equality a(G) = A(G), where A(G) is the number of
all S(™-factors in G, and present the explicit formulas of enumeration of independent sets
of graphs for a great deal of graphs. Finally, applications for the mean color numbers u(G)

are given.

1. INTRODUCTION

In this paper, the authors discuss enumeration of the number a(G) of all
k independent sets of graphs by means of counting theory of S("-factors.
Enumeration of Independent Sets of Graphs is NP-hard.

Definition 1.1. For S = {K;:1<i<n}, n>1, K; is a complete graph
with i vertices, if M is a subgraph of any graph G, and each component of
M s all isomorphic to some element of S = {K; : 1 < i < n}, then M is
called one S™ -subgraph, if M is a spanning subgraph of G, then M is called
one S _factor of G.

Let N(G, k) denote the number of S -factors with exactly k components.
A(G) is the number of all S™-factors, namely, A(G) = >_7_, N(G, k).

Definition 1.2. For any n-coloring T of G, let L(T") denote the actual number
of colors used, the average of L(T')® over all n-coloring T is called the mean
color number. (see [2])
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Let u(G) denote the mean color number of any graph G. In the paper[3],
F. M. Dong gained bounds for mean color numbers of graphs.

In the paper[4], Yang has given the recurrence relation of A(G). In the
paper|[5], Yang derived the recurrence formula of regular m-furcating tree. So
far, we have solved counting problems of N (G, k)(see[6]), involving the repre-
senting formula of N (G, k)and counting formulas of a great deal of graphs, for
examples, any path, cycle, complete graph, O (O C,,, wind graph K¢, complete
d-partite graph, n-2-regular graph and n-3-regular graph. In this paper, the
authors present the formulas of classes of graphs a(G) by means of counting
theory of N(G, k). Specially, a(G) of any tree is given. Finally, applications
for u(G) of any tree are given.

2. LEMMAS

Here we will denote that a(G, k) is the number of partitions of V(G) into
exactly k non-empty independent sets of any graph G. «(G) is the number

of all partitions of V(G) into non-empty independent sets of any graph G,
namely, a(G) =Y, _, o(G, k).

Lemma 2.1 ([12]). Suppose N(G, k) is the number of S™ -factors with exactly
k components in G, and the chromatic polynomial of graph G is f(G,t) =

n

> Y,tP, then the representing formula of a(G, k) is the following
p=1

a(G,k) =Y N(Kp k)Y,
p=k

where

P
p! 1
N(Kp, k) = Z by! H bil(il)bi”

SP L ibi=p P b=k i>2
Lemma 2.2 ([12]). There exists the equality a(G, k) = N(G, k).
2]

Lemma 2.3 ([12]). Suppose u(G) is the mean colour number of G, then

1
> KN (GR)
mG) = 5———
S (MEN(GH)

exactly k &)mponents in G.

Lemma 2.4. If S(n, k) is the Stirling number of the second kind, then N (K, k) =
S(n, k), where K,, is a complete graph with n vertices.

Lemma 2.5 ([9]). Let Bell number B(n) = Y ;_, S(n,k). Then B(n) =
1200 k"

e k=1 k!

, where N(G, k) is the number of all S™ -factors with
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Lemma 2.6 ([5]). If GNH = ¢ for any graphs G and H, then N(GUH, k) =
>, N(G,l)N(H,m).
I+m=k

3. MAIN THEOREMS

Theorem 3.1. If a(G) is the number of all partitions of V(G) into non-empty
n n

independent sets of any graph, then a(G) = > > N(Kp, k)Y,, where Y, are
k=1 p=k
coefficients of the chromatic polynomial of f(G,t).

Proof. Because of a(G) = > a(G, k), and by Lemma 2. 1
k=1

a(G,k) =) N(Kp k)Y, ,
p=k

where Y, are coefficients of the chromatic polynomial of f(G,t). Then a(G) =

n n

> > N(Kp, k)Y,, where Y, are coefficients of the chromatic polynomial of
k=1p=k

£(G,1). O
Theorem 3.2. There exists the equality o(G) = A(G), where A(G) is the
complementary graph G of G.

Proof. With o(G) = >;_; &(G, k), and by Lemma 2. 2 o(G,k) = N(G, k),
so we gain o(G) =Y _; N(G, k) = A(G). O

4. CLASSES OF GRAPHS «a(Q)

In this section, we will obtain classes of graphs a(G), for examples, any
(n-2)-regular graph, (n-3)-regular graph and complete d-partite graph, tree.

Theorem 4.1. If G is a (n-2)-reqular graph with n (even 2m) vertices, then
a(G) =2m.
Proof. Let G be a (n-2)-regular graph with n (even 2m), then G is a 1-regular

graph, namely, G = Ko |J K2 |- - - |J K2, and the number of K is m. (see [7])
By Corollary 4. 1 we have

0, 1<k<3,
]V(G%k):: n
2], 3<k<n
(1)
2m m " /m
Finally, a(G) =Y 7_ G,k) = = =2" O
7 a(@) = S NeR = ¥ (") Zo(p)
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Theorem 4.2. If G is a (n-3)-reqular graph with n vertices, n > 6 and G
Cp, then a(G) = L, where L, is Lucas number.

Proof. Let G be a (n-3)-regular graph with n vertices, n > 6 and G = O,
then we have (see [7])

0, 1<k<2,
N@GR=NCR=Y iy
E\n—k) 2=7="
By Corollary 4. 1 a(G, k) = N(G, k), then the result is given the following
n k
a(G) = > Z( k:) (n even), a(G) = < ) n odd). When
=n n-— k:
n € N, a(G) = L, where L,, is Lucas number a = 1= \/g’ = H\[. Also
L,, is the number of all S"-factors, L, = a™ + b", 2‘/5, b= 1+T‘[ (see
[4]). O

Corollary 4.3. If G is a (n-8)-reqular graph with n vertices, and

G=Cn, | JCnys

ni+mng+-+ng=mn, Cp, NCp; = ¢ for any i and j, i #j,3 <nj <n,1<
J < q,q>1,n>6, the number of nj = 3 is [, then o(G) = 5! Hg;ll Ly,

where Ly, is the n;-th Lucas number, and Z?;ll n; =n — 31, when n; =3,

when n; > 4,

N(Co. 1) =
(Gns> ) ) L YNo< < ny
lj nj—lj7 2 =9v="

Proof Because of G = Cy, JCn, U+~ UChyy 1 +n2 + -+ +ng = n, and
CpyNCpy =¢foranyiandj,i#j,3<n; <n,1<j<gqq>1n2>6,by
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Lemma 2.6 then

N(G,k) = N(Cp, UCpy U---UCh, . k)

= Z N(Cnull)N(CnQ?lQ)'"N(qu’lq)
lit+lo++lg=k
q

= >IN ).

litlo++lg=k j=1

By Theorem 2, we have
n

a(G) = AG) =Y NGR =Y X T[N,

k=1 k=1l +lo++lg=k j=1

when n; = 3,

1, 1=3,
when n; > 4,
0, 1§lj<%,
N(Cy,, 1)
] ?(n!yl)7 %JSZJSTLJ
g\ =4

n;j B ‘ .
Finally, o(G) = [T%_, ZIN(an,zj) = [10; A(C,) = 5 TT= (a7 +07) =
j:

5! Hg;ll Ly;, where L, is the n;j-th Lucas number, and Z‘;;ll nj =n — 3l.

Theorem 4.4. If G is a complete d-partite graph Ky, n,.... ny , and nq +no +
-4ng =n, then o(G) = H;.lzl B(n;), where B(nj) is Bell number, nj,n € N.

Proof. Because of G = Ky, ny.. ny, and ny +ng + -++ +ng = n, then G =
Kn, UK, U ---UKn, ni+ng+---+nqg=n, Ky, N Ky, = ¢ for any i and
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ji#73,3<n;<n,1<j5<d,d>2, by Lemma 2.6 we have
N(G,k) = N(Kp, UK, U---UK,,, k)
= Y N(Kn,)N(Kny,la) - N(Epy,la)
li+Hlo+-+lg=k
d
= > JIvEL).
li+lo+-+lg=k j=1
With Lemma 2.4 N(K,,k) = S(n,k), then
N(G,k) = N(Kp, UKp, U---UK,,, k)
= Y N(Kn,l)N(Eny o) N(EKn,,lg)
liHot g =k
d
= > 15t
Li+lg++lg=k j=1

By Theorem 2, then we have

oG) = AG) =) NGRk=) >  [[5mL)
k=1 k

=1li+la++lg=k j=1
d nj d
= 1> S, 1) =] B(ny),
j=11,=1 j=1

where B(n;) is Bell number n;,n € N.

O

Corollary 4.5. If G is a complete tri-partite graph Ky, nyny, and nq 4+ ng +

ng = n, then o(G) = B(n1)B(n2)B(ng), where B(n;) is Bell number, n;

N,j=3.

Proof. 1t is easily proved by Theorem 4.5 Here we omit the proof.

Corollary 4.6. If G is a complete tri-partite graph Ky pn, then oa(G)

B3(n), where B(n) is Bell number, n € N.

Proof. 1t is easily proved by Corollary 4.2 Here we omit the proof.

S

O

g

Corollary 4.7. If G is a complete bi-partite graph K, ,,, then o(G) = B?(n),

where B(n) is Bell number, n € N.

Proof. 1t is easily proved by Corollary 4.3 Here we omit the proof.

66

O



Enumeration of independent sets of graphs

Theorem 4.8. If G is a tree with n vertices, then

=y (M)

k=1 p=k
where

B p! 1
N(Kpak’)— Z ngi!(i!)bi,2§p k<n.

P P

i =1

=1

Proof. If G is a tree with n vertices, then the chromatic polynomial of G is
n—1

FTo) = (= )"t = 30 (=) ()
k=0
—1
Coefficients of the chromatic polynomial of G are Y, = (—1)""? (Z B 1) 1<
p < n. By Theorem 4. 1 a(G) = > > N(K,,k)Y,, then we have
k=1 p=~k
1
=SS0,
k=1 p=k
where
B p! 1
N(Kp, k) = Z bT!Hibi!(i!)bi,Qgp E<n.
P D i>2
Y ibi=p, > bi=k
=1 1=1
O
Corollary 4.9. Suppose P, is any path with length n, and has n+ 1 vertices,
n+ln
then a(P,) = Z Z( )"+1fp(pf1)N(Kp,k), where
N(K,.k) = > EH# 2<p k<n+1
b ) ) by! petes I C -

=1 1=1

Proof. Because P, is a special tree with n+1 vertices, by Theorem 6 we derive

the result a(P, 21 Z (—1)nti=p (pfl)N(Kp , k), where
= pi
_ p! 1
N(Kp, k) = Z WgW’zSpk§"+l'
. .

D K3

i=1 i=1
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So far, we have solved NP-hard problem of enumeration of independent sets
of graphs, involving the representing formula of enumeration of independent

sets of graphs and explicit formulas for a great of graphs.

APPLICATIONS
N(G,k) and (G, k) of graphs.
sE) L (1-1), n~ oo

In the section, applications are given for

Theorem 4.10. If G is any tree with n vertices, then

Proof. If G is a tree with n vertices, then we have
n

NG k) =3 (~1)m7 <Z B i) S(n, k).

p=k

By Lemma 3.3 we have

> k(n
k=1 p:k

On the other hand, if G is a tree with n vertices, and u(G) = n(1 — nggf;)l) )

P(G,t) = t(t—1)""!, then u(G) = n— EZ:?;::; Finally, we derive the equality

> k() 3 (<1 () S, b

k=1 p
S () 3 (~1)m2 ("1 S (n, k)
k=1 p=k
et 5o ki 3 (<12 () (.
. — k=1 p=k
= n- n—2 n n
DS )k 32 ()P (1) S, k)
k=1 p=k

(n o 2)n71
n(n —1)"2

So that we have the asymptotic formula @ ~(1-— %), n ~ oo. O

Corollary 4.11. There exists the combinatorial formula

n—1
wp;( UGS e

- n(n—1)""%

()i 32 (=12 (") S(n, k)

p=k

HM: ||M
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Proof. The combinatorial formula from the proving course 0Of Theorem 4.10
Omitted. 0

Corollary 4.12. There exists the asymptotic formula

> k(i 3 (<1 () S, b

=1 ~(l—==),n~o0
S n(m)e 3 (~1)m P (2 S, k) ¢
k=1 p=k

where S(n, k) is the Stirling number of the second kind.

Proof. The asymptotic formula from the proving course of Theorem 4.10 Omit-

ted.

1]
2]

3]

[4]
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